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, Abstract 

We study puUback attractors of non-autonomous non-compact dynamical systems generated 
by differential equations with non- autonomous deterministic as well as stochastic forcing terms. 

■ We first introduce the concepts of pullback attractors and asymptotic compactness for such 
^ . systems. We then prove a sufficient and necessary condition for existence of pullback attractors. 

■ We also introduce the concept of complete orbits for this sort of systems and use these special 
, solutions to characterize the structures of pullback attractors. For random systems containing 

^SJ ■ periodic deterministic forcing terms, we show the pullback attractors are also periodic under 

certain conditions. As an application of the abstract theory, we prove the existence of a unique 

■ pullback attractor for Reaction-Diffusion equations on M" with both deterministic and random 
^SJ , external terms. Since Sobolev embeddings are not compact on unbounded domains, the uniform 

estimates on the tails of solutions are employed to establish the asymptotic compactness of 
solutions. 
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1 Introduction 



This paper is concerned with the theory of puhback attractors of non-autonomous non-compact 
dynamical systems generated by differential equations with both non-autonomous deterministic and 
stochastic forcing terms. We will prove a sufficient and necessary condition for existence of pullback 
attractors for such systems. We will also introduce the concept of P-complete orbits for random 
systems and use these special solutions to characterize the structures of D-pullback attractors. In 
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the deterministic case, the characterization of attractors by complete orbits is well known, see, e.g., 
[H I26j for autonomous systems and [TTl[T2l[T3] for non- autonomous systems. However, for random 
dynamical systems, no such characterization of attractors is available in the literature. For random 
systems containing periodic deterministic forcing, we prove the pullback attractors are also periodic 
under some conditions. It seems that periodic random attractors for PDEs was first studied in |17] 
where a quasigeostrophic flow model was considered. As an application of our abstract results, we 
will investigate the pullback attractors of the following Reaction-Diffusion equation defined on M": 



with initial data u{x,t) = Ur{x), where t > t with r € R, x G M", A is a positive constant, 
g G Lf^^iM., L2(M")) and h G i72(M") f| W^'P{W) for some p>2. / is a smooth nonlinear function 
satisfying some dissipativeness and growth conditions, and w is a two-sided real- valued Wiener 
process on a probability space. The reader is also referred to [33j for existence of periodic random 
attractors for the Navier-Stokes equations, and to [34j for bifurcation of random periodic solutions 
for parabolic equations. 

Stochastic equations like (jl.ip have been used as models to study the phenomena of stochastic 
resonance in biology and physics, where g' is a time-dependent input signal and w is a Wiener 
process used to test the impact of stochastic fluctuations on g. In this respect, we refer the reader 
to [121 123 EH ESI EHl E2J for more details, where the authors have demonstrated that, under 
certain circumstances, the noise can help the system to detect weak signals. This is an interesting 
phenomenon because noise is generally considered as a nuisance in the process of signal transmission. 
In the present paper, we will investigate the long term behavior of stochastic equations like (jl.ip . 
especially the pullback attractors of the equation. 

The concept of pullback attractors for random dynamical systems was introduced by the authors 
in [ini HSl IM] 5 and the existence of such attractors for compact systems was established in [H [TJ El 
[T^ [T5l [161 fl^ [181 [211 [22l and the references therein. By a compact random dynamical system, 
we mean the system has a compact pullback absorbing set. The results of [El [181 121] can be used 
to show the existence of pullback attractors for many PDEs defined in bounded domains. However, 
these results do not apply to PDEs defined on unbounded domains or to weakly dissipative PDEs 
even defined in bounded domains. The reason is simply because the dynamical systems generated 
by the equations in such a case are no longer compact. To solve the problem, the authors of 
[5] introduced the concept of asymptotic compactness for random dynamical systems which is an 
extension of deterministic systems. This type of asymptotic compactness does not require a system 
to have a compact pullback absorbing set, and hence it works for dissipative ODEs on infinite 



du + (Au — Au)dt = f(x, u)dt + g{x, t)dt + h{x)duj 
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lattices as well as PDEs on unbounded domains, see e.g., [Sj [U [301 EH 132] • In this paper, we will 
further extend the concept of asymptotic compactness to the case of differential equations with both 
non-autonomous deterministic and random forcing terms, and as an example, prove the existence 
of pullback attr actors for equation (jl.ip defined on the unbounded domain M". 

In order to deal with pullback attractors for equations like p.ip , we need to introduce the concept 
of cocycles over two parametric spaces Qi and 0,2 (see Definition 12.1 1 below) . where ili is responsible 
for the non-autonomous deterministic forcing terms and is responsible for the stochastic forcing 
terms. This kind of cocycle is an extension of the classical non-autonomous deterministic cocycles 
(see, e.g., [9l[10l[TTl[12l[35]) as well as the random cocycles (see, e.g., [H [HI [181 [23] ) . More precisely, 
if Q2 is a singleton, then Definition 12.11 reduces to the concept of non-autonomous deterministic 
cocycles; if is a singleton instead, the definition reduces to that of random cocycles; if both Oi 
and 0,2 are singletons, we get the autonomous dynamical systems as discussed in [31 [201 [23 [2BJ . In 
the case where the non-autonomous deterministic terms are periodic, we will examine the periodicity 
of the pullback attractors. To this end, we introduce the concept of periodic cocycles in Definition 
12. 2i To define a pullback attractor, as usual, we need to specify its attraction domain which, in 
general, is a collection D of some families of nonempty sets. In the next section, we will extend 
the concepts of D-pullback absorbing sets, P-pullback asymptotic compactness and "D-pullback 
attractors to the cocycles with two parametric spaces, and then prove a sufficient and necessary 
condition for existence of P-pullback attractors for such cocycles (see Theorem 12 . 231 below) . When a 
cocycle is T-periodic, we will show its P-pullback attractor is also T-periodic under some conditions 
(see Theorems 12.241 and 12.25]) . In order to characterize the structures of pullback attractors, we 
introduce the concept of 2?-complete orbit of cocycle. As demonstrated by Theorems [2231 and [21211 
the structure of a P-pullback attractor is fully determined by the P-complete orbits. It seems that 
the concept of P-complete orbit of cocycle was not introduced in the literature before, and was not 
used to describe the structures of P-pullback random attractors. 

Section 3 is devoted to applications of Theorems 12.231 [2.241 and Pi. 251 to the cocycles generated by 
differential equations with deterministic and random forcing terms. Particularly, we discuss how 
to choose the parametric space ili for non- autonomous deterministic terms so that the solution 
operators of an equation can be formulated into the setting of cocycles presented in Section 2. 
As we will see, there are at least two options for choosing the space Oi. We may take Oi either 
as the set of all initial times (i.e., fli = M) or as the set of all translations of the deterministic 
terms. We further demonstrate that the results obtained by these two approaches are essentially 
the same. By appropriately choosing Qi and O2, we show that the classical existence results of 
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attractors are covered by Theorems l2.23l and l2.24l as special cases. We will emphasize the definitions 
of P-complete orbits for different parametric spaces. 

In the last section, we prove the existence of P-pullback attractors for equation (jl.ip on by 
using the results obtained in Sections 2 and 3. Since the domain M" is unbounded and Sobolev 
embeddings are not compact in this case, we have to appeal to the idea of uniform estimates on 
the tails of solutions to establish the P-pullback asymptotic compactness of the equation. This 
idea can be found in [29\ for autonomous equations and in [33] for non- autonomous deterministic 
equations and in [5l |6] for random equations with only stochastic forcing terms. The existence of 
P-pullback attractor for equation (jl.ip presented in Section 4 is an extension of those results from 

[eiES]. 

Throughout the rest of this paper, we use || • || and (•, •) to denote the norm and the inner product 
of L2(M"), respectively. The norm of L^(]R") is written as || • ||p and the norm of a Banach space 
X is written as || • ||x- The letters c and q (i = 1, 2, . . .) are generic positive constants which may 
change their values occasionally. 

2 Pullback Attractors for Cocycles 

In this section, we discuss the theory of pullback attractors for random dynamical systems which 
is applicable to differential equations with both non-autonomous deterministic and random terms. 
This is an extension of the theory for random systems with only stochastic terms as developed 
in O [151 13 13 [Hj • Our treatment is closest to that of [3 US] . The reader is also referred to 
[3 13 l20l [25| [26] for the attractors theory for autonomous dynamical systems. 

Let Qi be a nonempty set, {Q2,J^2,P) be a probability space, and {X, d) be a complete separable 
metric space with Borel cx-algebra B{X). If x G X and B Q X, we write d{x, B) = m.i{d{x, b) : b 
B}. If i? C X and C Q X, we write d{C,B) = sup{d{x,B) : x G C} for the Hausdorff semi-metric 
between C and B. Given e > and B C X, the open e-neighborhood of i? in X is denoted by 

Me{B) = {xeX : d{x, B) < e}. 

Let 2^ he the collection of all subsets of X. A set-valued mapping K : Qi x Q2 ^ 2^ is called 
measurable with respect to J-2 in ^2 if the value K(u}i,u}2) is a closed nonempty subset of X for all 
ui £ Qi and LJ2 G ^^2, and the mapping 102 ^2 ^ d{x, K (to 1,002)) is {T2, ^(M))-measurable for 
every fixed x £ X and ui € f^i. In this case, we also say the family, {K{u)i,uj2) : oji € 0,i,uj2 G ^^2}; 
consisting of all values of K, is measurable with respect to J-2 in ^^2- 
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Suppose that there are two groups {^i(t)}teK and {^2(i)}teK acting on Qi and CI2, respectively. 
More precisely, ^1 : M x Qi — >■ Oi is a mapping such that 9i{0, •) is the identity on Cli, 6i{s + t, •) = 
6i{t, ■)oOi{s, •) for all s G R. Similarly, ^2 : R x ^^2 ^ ^^2 is a (.B(R) x J^2, •?^2)-measurable mapping 
such that 6*2(0, •) is the identity on ^^2, 92{s + t, •) = 62^, •) o6'2(s, •) for ah t,s eR and P6'2(t, ■) = P 
for all f G M. For convenience, we often write 9i{t, •) and 92{t, •) as 9i^t and 62,t, respectively. In the 
sequel, we will call both (fii, {^i^^ltgu) and {'^2, ^2, P, {92,t}te^) a parametric dynamical system. 

Definition 2.1. Let (Qi, {9i^t}teM) and {^2, J~2, P, {92,t}teR) be parametric dynamical systems. A 
mapping <l>: x $7i x ^^2 X — ^ -''^ is called a continuous cocycle on X over (Qi, {9i^t}teR) and 
{^2,^2,P, {^2,t}teK) if for all wi € Oi, a;2 G O2 and t, r G M+, the following conditions are satisfied: 

(i) $(-,a;i, •, •) : M+ X J^2 X X ^ X is (;B(R+) x x B{X), ^(X))-measurable; 

(ii) ^{0,ui,uj2, •) is the identity on X; 

(iii) ^{t + T,uJi,uj2,-) = $(t,6'i,^a;i,6'2,TW2, •) o $(r,a;i,a;2, •); 

(iv) ^{t,uji,uj2, •) : X ^ X is continuous. 

In this section, we always assume that $ is a continuous cocycle on X over (ili, {0i,t}teR) and 
(^2, ^2, P, {92,t}tGR)- The purpose of this section is to study the dynamics of continuous cocycles 
on X, including the periodic ones. The periodic cocycles are defined as follows. 

Definition 2.2. Let T be a positive number and $ be a continuous cocycle on X over (ili, {9i^t}teM.) 
and (il2i J^2, P-, {^2,t}ieM)- We say <^ is a continuous periodic cocycle on X with period T if for every 
i > 0, wi G r^i and UJ2 G ^^2, there holds 

$(t,6li,TWi,a;2, •) = ^{t,uji,i02, •)• 

Let D be a family of some subsets of X which is parametrized by {uJi,U2) G Oi x ^2: D = 
{D{uj\,(jj2) C X : oji G r^i, a;2 G ^2}- Then we can associate with D a set- valued map fo '■ 
r^i X $72 ^ '^^ such that fD{oJi,0O2) = D{uii,u!2) for all oji G fli and 0J2 G ^2- It is clear that 
D = foi'^i X O2). We say two such families B and D are equal if and only if the corresponding 
maps /b and fo are equal. In other words, we have the following definition. 

Definition 2.3. Let B and D be two families of subsets of X which arc parametrized by (a;i,a;2) G 
Qi X 0,2- Then B and D are said to be equal if B{uJi,U2) = D{u}i,U2) for all ui G ^li and u)2 G O2. 
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In the sequel, we use P to denote a collection of some families of nonempty subsets of X: 

V = {D = {0 ^ D{(jJi,(jj2) C X : wi € ^li, U2 £ ^^2} : fn satisfies some conditions}. (2.1) 

Note that a family D belongs to V if and only the corresponding map fo satisfies certain conditions 
rather than the image xil2) of Jd. We will discuss existence of attractors for <I> which pullback 

attract all elements of D. To this end, we require that the collection D is neighborhood closed in 
the following sense. 

Definition 2.4. A collection T> of some families of nonempty subsets of X is said to be neighbor- 
hood closed if for each D = {Z)(u;i,a;2) : u)i £ i^i,u}2 G ^2} G V, there exists a positive number e 
depending on D such that the family 

{B{u}i,u}2) '■ B{u}i,u}2) is a nonempty subset of A/'e(-D(a;i, a;2)), V wi G 0J2 € 0,2} (2-2) 

also belongs to V. 

Note that the neighborhood closedness of V implies for each D £ T>, 

{D{oji,oj2) : D{uji,uj2) is a nonempty subset of D(a;i, a;2), V wi G ili, V a;2 € 1^2} G T^- (2-3) 

A collection V satisfying (j2.3p is said to be inclusion-closed in the literature, see, e.g., p8]. The 
concept of inclusion-closedness of V is used to find a sufficient condition for existence of a P-pullback 
attractor. In the present paper, we want to investigate both sufficient and necessary criteria for 
existence of such attractors. As we will see later, we need the concept of neighborhood closedness 
of P in order to derive a necessary condition for the existence of P-pullback attractors. It is evident 
that the neighborhood closedness of V implies the inclusion-closedness of V. 

When we study the dynamics of periodic cocycles, we require that the collection V is closed 
under translations as defined below. Let T E R and D = {D(uji,uj2) '■ oji € ni,uj2 G ^^2} G P- For 
each uji E ili and uj2 G ^^2, define a set Dt{uji,uj2) by 

Dt{uJi,UJ2) = D{ei^TU}l,UJ2). (2.4) 

Let Dt be the collection of all Dt{uji,uj2) as defined by (|2.4p . that is, 

Dt = {Dt{c^i,uj2) ■ Dt{u}i,uj2) is given by (j2.4p .a;i € i}i,uj2 € fl2}- (2.5) 

Then the family Dt given by ()2.5p is called the T-translation of € P. Note that, as sets, Dt and 
D are equal for any D £ V. However, in general, Dt and D are not equal in terms of Definition 
[231 
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Definition 2.5. Suppose T G R and P is a collection of some families of nonempty subsets of X 
as given by ()2.ip . Let Dj- be the collection of T-translations of all elements of V, that is, 

Vt = {Dt ■■ Dt is the T-translation of D, D e V}. 

Then Vt is called the T-translation of T>. If Q T), we say D is T-translation closed. If T>t = 
we say V is T-translation invariant. 

Regarding T-translations, we have the following lemma. 

Lemma 2.6. Suppose T S M and D is a collection of some families of nonempty subsets of X as 
given by ()2.ip . Then if oind only ifDQ "Dt- 

Proof. It follows from Definition 12.51 that, for every B ^D, 



where Bt and B^t are T-translation and —T-translation of B, respectively. Note that (j2.6p should 
be understood in the sense of Definition 12.31 Suppose V^t Q ^ and B ^ T>. Then we have 
-B-T G T> and hence {B-t)t £ T^T, which along with (j2.6p shows that B G T>t- Since B is an 
arbitrary element of T> we get T> C Vt- 

We now suppose V C "Dt and B € T>^x- Then there exists E ^ T> such that B = E-t- By 
E &T> and T> C Vt, we find that there exists G € T> such that = Gt- It follows from (|2.6p that 
S = i^-r = {Gt)^t = G. Since G (z T) we have B G D. Since B is an arbitrary element of D^t 
we get ^ T^- This completes the proof. □ 

As an immediate consequence of Lemma 12.61 and Definition 12. 5^ we have the following invariance 
criterion for V. 

Lemma 2.7. Suppose T S M and D is a collection of some families of nonempty subsets of X as 
given by ()2.ip . Then T> is T-translation invariant if and only ifT> is both T-translation closed and 
—T-translation closed. 

For later purpose, we need the concept of a complete orbit of ^ which is given below. 

Definition 2.8. Let D be a collection of some families of nonempty subsets of X. A mapping 
: M X X — ^ ^ is called a complete orbit of ^ if for every r € M, t > 0, wi E $7i and uj2 S f^2; 
the following holds: 



{Bt)-t = {B-t)t = B 



(2.6) 



(2.7) 
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If, in addition, there exists D = {D{ijJi^oj2) : f^i G i^,a;2 € ^^2} G such that ^/>(t, wi, a;2) belongs 
to D{6i^t^i,92^t^2) for every t € M, wi € $7i and uj2 G ^^2, then ip is called a P-complete orbit of 

The following are the concepts regarding invariance of a family of subsets of X. 

Definition 2.9. Let B = {i?(a;i,a;2) : oJi G fli, u}2 G ^2} be a family of nonempty subsets of X. 
We say that B is positively invariant under <I> if 

<I)(t,a;i,a;2, -B(f:<^i,a;2)) C B{9i^t'^i, 62,11^2), for all t > 0, wi G S7i, cj2 G f^2- 

We say that B is invariant under <I> if 

^{t,uJi,uj2,B{uJi,uj2)) = B{6i^t^i, 62,1^2) 1 for all t > 0, wi G VLi, 002 G 1^2- 

We say that B is quasi- invariant under <I> if for each map y : 0.1^0,2 ^ X with y (a;i , a;2) G B{ijOi , UJ2) 
for all oji G $7i and UJ2 G il2; there exists a complete orbit ^ such that ^(0,a;i,a;2) = y{uJi,uj2) and 
■ip{t,uji,uj2) G B {61^1^1,62^1^2) for all t G M, wi G J^i and CJ2 G O2. 

It can be proved that a family of nonempty subsets of X is invariant under <I> if and only if the 
family is positively invariant and quasi-invariant, which is given by the following lemma. 

Lemma 2.10. Let B = {B{uji,uj2) '■ ^1 G ili, u}2 G $^2} be a family of nonempty subsets of X. 

(i) If B is quasi-invariant under then 

B{6i^t^^i, 62,1^^2) ^{t,0Ji,0J2,B{u!i,uj2)), foraUt>0, ui e fli, a;2 G Sl2- (2.8) 

(ii) If B is invariant under <I>, then B is quasi-invariant under <I>. 

(Hi) B is invariant under $ if and only if B is positively invariant and quasi-invariant. 

Proof, (i). Suppose B is quasi-invariant under We want to show (|2.8p . Let t > be fixed. For 
each oji G J^i and UJ2 G O2, let y{uji,u;2) be an arbitrary element in B(u}i,u}2). Then the quasi- 
invariance of B implies that there exists a complete orbit -0 such that ■0(O,a;i,W2) = y{uji,uj2) and 
'ip{s,uJi,uj2) G B{6i^sUJi, 62,8^2) for all s G M, for all uji G Oi and 0)2 G ^2- Furthermore, for each 
uJi G r^i and uj2 & ^2, we have 

^{t,6i^^t^^l,62-ti^2,tp{-t,UJi,UJ2)) = V'(0,Wl,W2), 

which implies that 

^{t,uji,uj2,i^{-t,6i^t(^i,62,tUJ2)) = V'(0,6ii,fWi,6'i,tW2)- (2.9) 
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Since V'(0, ^'i.t'^i, 6'2,t'^2) = 2/(6*1,4^1, 6'i,t'^2) and ■ip{-t,0i^t^i, 62,1^2) G B{uji,uj2), we obtain (|2.8p 
from ()2.9p immediately. 

(ii). Suppose that i? is invariant and y : Qi x 0,2 ^ ^ '^s a mapping such that y{u;i,u}2) G 
B{uji,uj2) for all loi G ili and a;2 € ^l2- Then we need to show that there exists a complete orbit 
ip such that "0(0,1^1,1^2) = y('^i,'^2) and 1^(1,1^1,^2) S B[6i^t^i, 62^1^2) for all t € M, wi € ili and 
UJ2 ^^2- Fix wi e ill and uj2 G Jl2- We first construct a mapping ■il){-,uji,0J2) '-"^ ^ X with desired 
properties. By the invariance of B we have, for all t > 0, lDi S ili and 0)2 € 1^2, 

«>(t,01,_tWi,e2,-t^2,S(^l,-t':^l,^2,-tW2)) = B{Cji,Cj2). (2.10) 

Since y{uji,uj2) S i?(a;i, a;2), it follows from ()2.10p with t = 1 that there exists zi S i?(6'i^_ia;i, 6*2,-1^2) 
such that 

^{l,9i-iuJi,62-iuJ2,zi) = y{uji,uj2). (2.11) 
By (|2.1ip and the cocycle property of $ we get that, for alH > 1, 

^{t,9i^^lUJi,e2-lUJ2,Zi) = ^{t - l,UJi,UJ2,^{l,6l-lUJl,62-lUJ2,Zi)) = ^{t - 1, Wi , ^2 , y (wi , (^2)) . 

Note that the invariance of B implies $(t, ^i^-iwi, 02,-1^^2, -^i) G -^(^i^t-i'^i, 6'2,t-i'^2)- Replacing 
oJi and C02 in (|2.1Up by Oi^^iui and 6*2,-1^2, respectively, we get, for all t > 0, 

$(t, 01,-t-l^^l, 02,-t-1^2, S(^i,_t_itJi, ^2,-4-1^2)) = B{9i^^iUJi,92,-lUJ2)- (2.12) 

Since zi G i?(0i^_itJi, ^2,-11^2), from (|2.12p with t = 1 we find that there exists Z2 € i?(^i, -21^1, ^2,-2^^2) 
such that 

$(1,6*1 _2Wl, 6*2 -2^2,^2) = zi, 
which along with the cocycle property of ^ implies that, for all t > 1, 

^{t, 6*1 _2^^1, 6*2 ~2^^2, Z2) = ^{t - 1, 6*1 -iWi, 6*2 -1W2, zi). 

The invariance of B again implies ^{t,9i -2^1,^2 -2^^2, Z2) G B{9i^t-2^i, 02,1-2^2)- Proceeding 
inductively, we find that for every n = 1,2,..., there exists Zn G B{9i^^n^i,92-n^2) such that 
<I>(n,6'i _„wi,6'2,-nW2,-Zn) = y{ijJi,uj2) and for ah t > 0, 

^{t, 6^1 _„tJi, 6^2 _„t^2, Zn) G -B(6'i,f_„Wi, 92,t-nUJ2)- (2.13) 

In addition, for all t > 1, we have 

^{t - 1, 01 _„+itJi, 6*2 -„+lW2, ^^n-l) = $(i, 6*1,-71^^1, 6*2,-71^^2, 2;n)- 
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Define a map ^{■,uJi,u;2) from M into X sucli that for every t S M, ■ip{t,uji,u;2) is tlie common 
value of ^{t + n, 6*2,-71^2, Zn) for all n > —t. Then we have iIj{0,uji,uj2) = yi^i,^2) and 

■(/'(t, wi, 072) G B{9i^t^i, 62,1^2) by (|2.13p . If t > 0, r G M and n > — r, by definition we find that 

^>(t, 6'i,^a;i, 6'2,rW2, ^(r, ^^1,^2)) = ^{t, ^'i.rWi, 6'2,rW2, $(t + n, 6*1 _„a;i, 6*2 -„a;2, z„)) 

= ^>(t + r + n,6'i_„Wi,6'2,-„W2,2n) = Tp{t + T,UJi,UJ2). 

So, is a complete orbit of ^ with desired properties and thus B is quasi-invariant. 

Note that (iii) follows from (i) and (ii) immediately and thus the proof is completed. □ 

Definition 2.11. Let B = {B{ljJi,uj2) : uJi € J^i, u}2 G ^^2} be a family of nonempty subsets of X. 
For every uJi G l^i and UJ2 G 1^2) let 

n{B, 0Ji,0J2)=f] U ^{t, ei^-tOJl,e2,-tOJ2, ^2,-t^^2)). (2.14) 

r>0 t>T 

Then the family {n{B,uji,uj2) : wi G ili,W2 G ^2} is called the fi-limit set of B and is denoted by 
n{B). 

Remark 2.12. Given ui G ili and uj2 £ f^2; it follows from (|2.14|) that a point y ^ X belongs to 
Cl{B,uJi,uj2) if and only if there exist two sequences t„ — )• 00 and x„ G B{6i^^t„^i,S2-t„^2) such 
that 

lim ^(tn,6l,~t„^^l,02~t„^2,Xn) = V- 
n— ^-oo 

Definition 2.13. Let P be a collection of some families of nonempty subsets of X and K = 
{K(uJi,uj2) ■ ^1 S f^ii W2 G 02} G P. Then K is called a P-pullback absorbing set for $ if for all 
uJi G r^i, UJ2 £ ^^2 and for every B (^T>, there exists T = T{B,uji,uj2) > such that 

$(t,0i,_ta;i,02,-tW2,5(0i,_ta;i,02,-t^^2)) ^ if(a;i,a;2) for ah t > T. (2.15) 

If, in addition, for all ui G Vii and a;2 G il2; ^('^i5'^2) is a closed nonempty subset of X and K is 
measurable with respect to the P-completion of J-2 in 0^2^ then we say K \s a. closed measurable 
P-pullback absorbing set for <I>. 

Definition 2.14. Let P be a collection of some families of nonempty subsets of X. Then <I> is said 
to be P-pullback asymptotically compact in X if for all loi G Vti and a;2 G 1^2, the sequence 

{(^{tn-,0i-tn^i-,(^2-tn^2-,Xn)}'^=i has a convergent subsequence in X (2.16) 

whenever t„ 00, and x„ G i?(^i,_f,^wi, ^2,-t„^2) with {B{uji,uj2) : uji G Oi, uj2 € 1^2} € P. 
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Definition 2.15. Let D he a collection of some families of nonempty subsets of X and A = 
{^(^1,^2) : uji G 0,1, UJ2 € 1^2} £ T^- Then A is called a D-pullback attractor for <I> if the following 
conditions (i)-(iii) are fulfilled: 

(i) A is measurable with respect to the P-completion of T2 in 0,2 and A{uji,uj2) is compact for 
all LOi G Qi and uj2 G ^2- 

(ii) A is invariant, that is, for every ui € 0,i and UJ2 S ^2; 

^{t,U}i,U}2,A{u}i,UJ2)) = ^(^l,tWl,6'2,tW2), V t > 0. 

(iii) A attracts every member of P, that is, for every B = {B{uji,uj2) ■ uji € Oi,uj2 S ^^2} £ ^ 
and for every wi € ili and UJ2 S f^2, 

lim ^(^(t,^! _ttJi,6l2-ttJ2,-B(6'i -twi,6'2-tt^2)),^(wi,a;2)) = 0. 

I— >oo 

If, in addition, there exists T > such that 

A{6i^T'^i,u}2) = A{lui,uj2), V wi G Oi,V 0J2 e O2, 
then we say A is periodic with period T. 

From Definition 12.151 the following observation is evident. 

Remark 2.16. The P-pullback attractor of if it exists, must be unique within the collection 
v. In other words, if {A{tJi,uj2) : wi G ili,a;2 € CI2} G V and {A{uji,uj2) : c^Ji G Cl,uj2 ^ O2} G V 
are both P-pullback attractors for then we must have A{oji,uj2) = A{uji,0J2) for all ui G ili and 
a;2 G r22- This follows immediately from conditions (i)-(iii) in Definition 12.151 Furthermore, If A is 
a periodic P-pullback attractor of <I> with period T > 0, then we have 

A{9i-Tu;i,(jj2) = A{uji,uj2), V wi G Oi,V u>2 G 0,2, 

We next discuss the properties of 0-limit sets of a family of subsets of X. 

Lemma 2.17. Let T> be a collection of some families of nonempty subsets of X and ^ be a contin- 
uous cocycle on X over (f^i, {6'i,t}teR) and {0,2,7^2, P,{02,t}t<^M.)- Suppose $ is V-pullback asymp- 
totically compact in X. Then the following statements are true: 

(i) For every D ^T>, ui and UJ2 G O2, the O-limit set 0,{D,u}i,u;2) is nonempty, compact 

and attracts D. 
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(ii) For every D ^ T>, the 0,-limit set Q{D) = {Q{D,uJi,u;2) '■ G i^i,u}2 € O2} is quasi- 
invariant. 

(Hi) Let D = {D{uji,uj2) : uji € 0,i,uJ2 € 1^2} belong to T> with D{uji,LjJ2) being closed in X for 
all uji € r^i and 002 € 0,2- If for each loi € ^li and 002 € ^2, there exists to = to(-D, wi, 0^2) > such 
that ^{t, Oi^^t^i, 62^^t^2T DiSi,-t^i, (^2,-1^2)) Q D{^i,^2) for all t > to, then the ri-limit set 0(D) 
is invariant. In addition, ^l{D,uji,uj2) C D{uji,uj2) for all uJi € Oi and 0J2 G O2. 

Proof, (i). Let t„ ^ 00 and Xn G D{9i^-t„^i, ()2,-tn^2) ■ Then the D-pullback asymptotic compact- 
ness of $ imphes that there exists y £ X such that, up to a subsequence, 

lim $(tn,6'i _t„wi,6'2-t„a;2,x„) = y, 

n— ^-oo 

which along with Remark 12.121 shows that y G Q{D,uji,u;2) and hence 0(D,cji,cj2) is nonempty for 
all uji G Oi and CJ2 € ^^2- 

Let {yn}^=i be a sequence in $7(1), 

uJi,uJ2^- It follows from Remark 12. 12] that there exist tn — y 00 
and Xn G D{0i^^t„^i,(^2,-tn^2) such that, for all n G N, 

d{^{tn,0i-t„^l,92,^t„^^2,Xn), ^n) < -• (2.17) 

n 

By the P-pullback asymptotic compactness of ^ we find that there exists y G X such that, up to 
a subsequence, 

lim ^{tn,9i-tnUJi,92.^tn^2,Xn) =y, 

which together with Remark 1 2 . 1 2 1 and inequality (j2.17p implies that y G 0,{D, 001,002) and yn ^ y- 
Therefore, i}(D, 1^1,002) is compact for all wi G Oi and L02 G O2. 

We now prove that for all coi G Oi and a;2 G O2, 

lim d{<^{t, ^2,-tW2, £'(^i,-tt^i, 02,-tW2)), 0(D, ^1,^2)) = 0. (2.18) 

Suppose (I2.18P is not true. Then there exist cji G Oi, cj2 G CI2, eo > 0, tn — > 00 and Xn G 
D{9i^-tn^i-,&2-tn^2) such that for all n G N, 

d(^'(t„,6'i _f„a;i,6'2_t„W2,2;„), 0(D, tJi, ^^2)) > eo- (2.19) 

By the P-pullback compactness of ^ and Remark 12.121 there exist y G $7(1), 012) such that, up 
to a subsequence, <I>(t„, 02,-i„W2, Xn) — > y. On the other hand, it follows from (|2.19p that 

d{y, VL{D, 001,002)) > £0, a contradiction with y G i^{D,ooi,U2)- This proves (|2.18p . 



12 



(ii). Let y : Qi X Q2 ^ X he a mapping such that y{u;i,uj2) € Q{D,uji,uj2) for all uji € 
and UJ2 € ^2- Then we need to show that there exists a complete orbit ijj such that 'ip{0,uji,uj2) = 
y{uji,uj2) and 'ip(t,UJi,uj2) £ ^{D^Oi^t^^i, 62^1^2) for all t E M, wi € fii and UJ2 G ^2- Fix coi G $7i 
and UJ2 £ f^2- We first construct a mapping 'ipuji,ui2 '■ ^ X such that ^a;i,(^2(0) = y('^ii'^2) and 
V'l^i ,aj2 (0 € ^{D,6i^t^i^ 62^1^2) for all t G M. Since y(tJi,ci;2) G wi, W2), by Remark 12.121 we 
find that there exist t„ — )• 00 and x„ G 02,-t„'^2) such that 

lim $(t„,6'i t„wi,6'2-t„a;2,x„) = y(wi,a;2). (2.20) 

By (|2.20p and the continuity of ^ we have, for all t > 0, 

lim $(t,a;i,a;2,^(tn,6'i -t„^^i,6'2-t„W2,x„)) = ^>(t, wi, W2, ^2))- 

n— >cxD 

Then the cocycle property of <I> implies that, for all t > 0, 

lim ^{tn + t,6i tr,-t0l,ti^l,92-t^-t02,ti^2,Xn)) = $(t,Wl,W2,y(wi,W2))- (2.21) 
n— >oo 

It follows from (l2:2T]l and Remark [232] that, for alH > 0, 

$(t,a;i,tJ2,y(wi,t^2)) G fi(-D,6'i,ttJi,6'2,tW2). 

Let A''i be large enough such that t„ > 1 forn > A^i. Consider the sequence $(t„ — 1, 9i-t„uJi.,92-t„0J2-, 
= ^{tn — l,0i^^t„+i9i-i^i,92-tn+i92,-i^2,Xn)- Then the D-pullback asymptotic compactness of 
<I> implies that there exists yi € X and a subsequence, which is still denoted by the same one, such 
that 

lim $(t„ - 1,01 t„^^i,02-t„uj2,Xn) = lim $(t„ - 1,6*1 j„+i6'i ia;i, 6*2 _t„+i6'2_iW2,x„) = Vi- 

n— >oo n— ^oo 

(2.22) 

By (j2.22p and Remark 12. 121 we have yi G 0(D, ^i^-iwi, 02,-i'^2)- By the continuity of $ again, we 
get that, for all t > 0, 

lim ^{t,9i iUJi,e2-lUJ2,^(tn - l,Oi-t„UJi,02-t„^^2,Xn)) = ^> (t , i^i , 6*2 -1^2, ^l) , 
n— >-oo 

which along with the cocycle property of ^ shows that, for t >0, 

lim $(t„ + t - 1, 6*1 _j„a;i, 6*2 _t„W2, 2;„) = <^{t, 6*1 6*2 _itJ2, yi)- (2.23) 

n— >oo 

By ([2:23]) and Remark [2J2] we obtain that, for t > 0, 

^(t,0i-iuji,02,^iuj2,yi) G ri(-D,0i,t-ia;i,6'2,t-ia;2). 
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On the other hand, it fohows from (|2.2ip that, for all t > 1, 

lim ^{tn + t- 1,6*1 t„a;i, 6*2 -t„W2,a;n) = ^{t - I,uji,uj2,y{uji,uj2)). (2.24) 

n— >oo 

By (I2:23]l - (i2:2i|) we get, for all t > 1, 

In particular, for t = 1 we have y{oJi,uj2) = <I>(1, ^i^-iWi, 6*2,-1^2, yi)- Continuing this process, by 
a diagonal argument, we find that for every m = 1, 2, . . ., there exists ym G i^{D, 6i-m^i,62-m,^2) 
such that ^{171,61 -m^^i, 62 -m^2,ym) = y{^i,^2) and for all t>0, 

6*1 6*2 -m,W2, ym) G ^{D, 0i^t-mUJl, 92,t-m^^2) ■ (2.25) 

Furthermore, for all t > 1, we have 

$(t — l,9i^^rn+l^l,()2-m+1^2,ym~l) = ^{t, 9l-m^l, G2,-ml^2, y-m) ■ 

We now define a mapping ipuji,uj2 '■ ^ X such that for every t € M, ipuji,uj2{t) is the common 
value of ^{t + m, Oi^^m^i, 92-m^2-, ym) for all m > —t. Then we have V'tJi,aj2(0) = y('^ii'^2)- It also 
follows from (IT^ that V'a;i,t^2(*) ^ J^(£', 6li,ta;i, 612,4^^2) for ah t G R. If t > 0, r G M and m > -r, 
by the definition of V'i^i,tJ2 have 

= ^>(t + r + m, 6*1 6*2-^^2, ym) = V'L^i,a;2(* + t")- (2-26) 

Let ip : W X Qi X Q2 ^ X he the map given by ip{t,uji,uj2) = ipu}i,ui2i't) for all t G M, t^i G and 
UJ2 G ri2- It follows from (|2.26p that ^ is a complete orbit of <I>. In addition, ip{0,u}i,uj2) = y{uJi,uj2) 
and ilj{t,uJi,uj2) € ^{D , 9i^t^i, 62^1^2) for all t G M. This shows that il.{D) is quasi-invariant under 

(iii). We now prove the invariance of Q{D). By the quasi-invariance (ii) of Q{D) and Lemma 
I2.1UI we get that, for every t > 0, wi G fii and uj2 G ^^2, 

n{D,ei^tui,e2,tuj2) c ^{t,uji,uj2,n{D,uji,uj2)). (2.27) 

We now prove the converse inclusion relation of ()2.27p . Note that ()2.27p implies that, for all r > 0, 
Q.{D, uji,uj2) ^ <I)(r, 9i-r^^i,d2,-r^2, ^{D, 0i^^r^i,92-r'^2)) and therefore for every t > and r > 0, 

^>(t, t^i, t^2, f^(-D, t^i, t^2)) ^ ^(i, wi, a;2, $(r, 6*1 6*2 -rW2, f^(-D, 6^1 _,.a;i, 6*2 -.rW2))) 
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= ^{t + r, 6'i _.,.a;i, 02,-rW2, Q{D, Oi^^r^i, 02,-rW2)) 
= ^{S, ei^^s0l,tUJl,d2,-.s02,tOJ2, ^{D, di^.s0l,tOJl,e2,-s02,t0O2)), (2.28) 

where s = t + r. Note that ^{t,9i -1^1,62 ~t^2, D{6i^^t^^i, 62 -t)) ^ D{uji,ijJ2) for all t > Iq, and 
hence, by Definition 12 . 1 1 1 we get 

QiD, wi, W2) Q \jHt, ei,-tUJi,e2,-tUJ2, D{ei,-tooi, 02,-1002)) C D{oji,oj2) = D{uji,uj2). (2.29) 

t>to 

Here we have used the assumption that 0(^1,0:2) is closed in X. It follows from ()2.18p and (j2.29p 
that 

lim d{^{s, ei,.s0i,tuji,e2,-s02,tuj2, n{D, ei,-sOi,tuji,e2,^s02,tuj2)),^{D, Oi^tui, 62,1^02)) = 0. (2.30) 

s^oo 

By ([2:28]1 and ([230]) we get 

d{^{t,uJi,u;2,i^iD,u;i,u;2)),il.{D, 61^1^^1,62,1^^2)) = 0, 

and hence we have ^{t,uji,uj2,^iD,uji,uj2)) ^ ^{D, 61^1^1,62,1002), from which and (j2.27p the in- 
variance of Q{D) follows. The invariance of ^(D) and (I2.29P yield (iii). □ 

As stated below, the structure of the 2?-pullback attractor of $ is fully determined by the In- 
complete orbits. 

Lemma 2.18. Let V be a collection of some families of nonempty subsets of X and ^ be a contin- 
uous cocycle on X over (fli, {6i^t}teR) Oind {^2, ^2, {02,t}t<^M.) ■ Suppose that <I> has a V-puUback 
attractor A = {A{uji,uj2) : uji G 0,i,uj2 € ^^2} £ T^- Then, for every uji € fli and 0J2 G ^2, 

^(aji,a;2) = {^"(0, wi, W2) ■ is a V-complete orbit of 

Proof. Given coi G Qi and UJ2 G ^^2, let B{ui,uj2) be the set consisting of all ip{0,uji,uj2) for In- 
complete orbits V- We first prove B{u}i,u}2) Q A{uji,uj2)- Let y G B{uji,uj2)- Then there exist 
D G m and a complete orbit ip such that y = 'ip{0,uj 1,0^2) and 'ip{t,uji,uj2) G D (61^1001,62^1002) for all 
t G M. By the attraction property of A we have 

lim d{^{t,6i-tOJi,02,-tUJ2,D{ei tOJi,92,-tUJ2)),A{uJi,uj2)) = 0, 

t— >oo 

which implies that 

lim d{^{t,9i t^i,62,~tOJ2,ipi-t,u;i,uj2)),A{uji,uj2)) = 0. (2.31) 
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It follows from (j2.7p and (|2.3ip that d{ip{0,uJi,u}2), A{ui,U2)) = 0, and hence y = ■0(0, wi, ^2) € 
A{oJi,u}2)- This shows that B{ljJi,LjJ2) Q A{uji,uj2). 

We next prove A{uji,uj2) Q B{uji,uj2)- Since A is invariant, by Lemma 12.101 we find that A 
is quasi- invariant. Therefore, given wi G Qi, 0J2 S ^2 and y(a;i,a;2) G ^(a;i,a;2) there exists 
a complete orbit -0 such that -0(0, 1^1, W2) = y(a;i,a;2) and 0(t,6t;i,a;2) G ^(^i^twi, ^2,t'^2) for all 
t G M. Since ^ G I^, we see that is a P-complete orbit. Therefore, by definition, y{uji^uj2) 
= 'ip{0,u}i,u)2) ^ B{u)i,cl!2)- This proves ^(wi, a;2) C ^2)- □ 

Lemma 2.19. Let V be a collection of some families of nonempty subsets of X and ^ be a contin- 
uous cocycle on X over {ili, {9i^t}tGM.) o,nd {^2, J^2, P, {G2,t}teR) ■ Suppose that $ has a V-puUback 
attractor A = {A{oji^lo2) '■ ^1 G ^^1,^2 £ ^2} £ T^- Then <I> is D-pullback asymptotically compact 
in X . 

Proof. Let t„ — > 00, G P and x„ G B{9i^^tn^i,(^2,-tn^2)- We will show that the sequence 
{^{tn, 6i-t„uji, 62-t„i^2,Xn}'^=i has a convergent subsequence in X. By the attraction property of 
A, for every u)i G ili, UJ2 € ^^2 and m G N, there exist Zm G A{uji,uj2) and tn^ G {tn : n G N} with 
trim ^ s-^d Xurn £ {a^n : n G N} such that 



The compactness of A{oji,ljJ2) implies that {zm}m=i ^ convergent subsequence in X, which 
along with (I2.32p shows that <I>(tn^, 0i^_t„^a;i, 02,-t„„'^2, a^n^) has a convergent subsequence, and 



Lemma 2.20. Let T> be a neighborhood closed collection of some families of nonempty subsets of 
X, and ^ be a continuous cocycle on X over (f^i, {6'i,t}teM) and {^,2,^2, P,{92,t}teM.)- Suppose 
that $ has a D-pullback attractor A = {.4(a;i,a;2) : uJi G 0,i,uj2 G 1^2} Then ^ has a closed 

D-pullback absorbing set K that is measurable with respect to the P-completion of T2 in ^2- 

Proof. Since A ^D and D is neighborhood closed, there exists e > such that 

{B{uji,i02) ■ B(u}i,u}2) is a nonempty subset of A4(-^(^i, ^^2)), V cji G ili, V 102 £ ^^2} £ (2.33) 

Choose an arbitrary number ei G (0,e). Given uJi G Jli and U2 G 1^2, let K{ui,U2) be the closed 
neighborhood of A{u}i,u}2) with radius ei, that is. 



d{^{tnm,Gl-tnm^l,02,~t„^UJ2,XnJ,Zm) < — • 



(2.32) 



hence $ is P-pullback asymptotically compact in X. 



□ 



K{loi,lo2) = {x e X : d{x,A{uii,i02)) < ei}. 



(2.34) 
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By (j2.33p we have K = {K{iOi,uj2) : uJi G f^i,a;2 G 1^2} G By the attraction property of A, 
we find that is a closed P-pullback absorbing set of <I>. We now prove the measur ability of 
K with respect to the P-completion of J-2, that is denoted by J-2- Given uji € f^i and x ^ X, 
by the measurability of A we find the mapping: 002 ^ ^2 ^ ^(t^i, CJ2)), is measurable with 
respect to ^2- In addition, the mapping: x G X — > d{x,A{uJi,uJ2)) is continuous. Therefore the 
mapping {oj2^x) d{x,A{oJi,uJ2)) is measurable with respect to F2 x B{X). Thus we have the set 
{{002, x) G il2 X X : X G K{ijJi,uj2)} = {{1^2, x) ^ 0.2 X : ^(wi, ^2)) < £1} G ^2 x B{X). 
This shows that the graph of the set-valued mapping: ijj2 K{uji,uj2), is in T2 x B{X). Then the 
measurability of K with respect to T2 follows from Theorem 8.1.4 in [2]. □ 

Lemma 2.21. Let T) he an inclusion- closed collection of some families of nonempty subsets of X 
and ^ be a continuous cocycle on X over (ili, {0i^t}teM.) ^'^'^ {^2,J~2,P,{(^2.t}teR)- Suppose that 
K = {K{(jJi,uj2) ■ G Oi,a;2 G ^^2)} €z D is a closed measurable (w.r.t. the P-completion of J-2) 
D-pullback absorbing set for ^inV and $ is D-pullback asymptotically compact in X. Then $ has 
a unique V-pullback attractor A = {A{u}i,uj2) ■ uji G i^i,ui2 G O2} G V which is given by, for all 
U)i G ill o,nd UJ2 G O2, 

A{u;i,u;2) = n{K,u;i,i02) = (~] \J ^(t, ^i.-t^i, ^2,-4^2, 6'2,-ta;2)). (2.35) 

r>0 t>T 

Proof. Note that the uniqueness of P-pullback attractor follows directly from Definition 12.151 as 
stated in Remark 12.161 Since ii' is a closed P-pullback absorbing set of it follows from Lemma 
12.171 that, for each ui G O.1 and U2 G ^^2, -^(^11^2) = 0{K,uJi,u;2) is a nonempty compact 
subset of X and A{loi,uj2) C K{oji,oj2). Since V is inclusion-closed and K £ V, we see that 
A = {A{u}i,uj2) : uji G 0,1, UJ2 G 0,2} G V. Further, Lemma 12.171 implies that A is invariant. 
Therefore, the proof will be completed if we can show the measurability of A with respect to the 
P-completion of 7^2 and the attraction of A on all members of T>. 

We first prove that A attracts all elements of D. By Lemma 12.171 we find that A attracts K, 
that is, given e > 0, cji G l^i and uj2 G O.2, there exists ti = ti(e, cji, ^2) > such that 

d{^{ti,ei^^tiUJi,e2-t^uj2,K{ei^^ti^i,d2-t^uj2)), A{u}i,u}2)) <e. (2.36) 

Then by the absorption property of K we get that, for every D £ T>, there exists T = T{D, uji,uj2,£) 
> such that for all t > T, 

$(t, ei,-t{Oi,-t^oji),e2M^2,^hi02),D{ei,-t{Oi,-t,ooi), 02,-t(^2,-tiW2))) ^ Kiei,-t,ioi,e2,-t,uj2), 
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which imphes that, for all t > T, 

C <!>{ti,di^^t^uji,92,-t,uj2, K{9i^^t,uJi,92,-t,0J2)). (2.37) 
It follows from i^Mii-i^27ii that, for alH > T + ti, 

d{^{t,9i_t(^i,92-tUJ2,D{9i^^tUJi,92-tuj2)), A{uji,uj2)) < e. 

This shows that A attracts all members of T). 

We next prove the measurability of A with respect to the P-completion of J-2- It follows from 
([2:35]) that 



^(CUI, L^2) = n U 0l,-t^l,62,-tOJ2,K{9i^_tOJi,92,-tOO2)), (2.38) 

n=l t>n 

where n G N. By ()2.38p we find that, for n, m G N, 



Pi [J^{m,9i-rni^i,92,^mi^2,K{9i^^rnUJi,92-mUJ2))QA{uJi,UJ2). (2.39) 
n=l m=n 

On the other hand, since A{uji,uj2) Q K{uji,uj2) for all uji E lli and UJ2 G J^2; we have for all m G N, 

^>(m, 6*1 6*2 -mW2, ^(6*1 -mWi, 6*2 -m^^2)) ^ ^("l, 6*1 6*2 -m^^2, -fC(6'i 6*2,-^^2)) 

which along with the invariance of A yields that for all m G N, 

A{UJI,UJ2) ^ ^{rn, 6*1 -mWi, 6*2 -m^^2, -fC(6'i -m^^i, 6*2 -mW2))- (2.40) 

Therefore we get that 



00 00 



A{UJI,UJ2) Pi IJ ^'(m,6'i _mWi,6'2_mW2,K(6'i _mt^i,6'2_mW2)), 



n=l m=n 

from which and (j2.39p we obtain 



00 00 



^(wi,W2)=P IJ $(m,6'i _mWl,^2,-mW2,K(6'l,-m^^l,6'2,-mW2))- (2.41) 
n=l m=n 

By conditions (i) and (iv) in Definition 12. H and the measurability of 92, we find that, for every fixed 
m G N and ui G Oi, the mapping $(m, 6*2,-01^2, x) is (J^2j 'S(X))-measurable in a;2 and is 
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continuous in x. In addition, the set-valued mapping uj2 — i^(^i,_mWi, ^2,-m^2) has closed images 
and is measurable with respect to the P-completion of J-2. Then it follows from [2j (Theorem 8.2.8) 
that for every fixed m € N and uji € the mapping 

002 $(m,6'i _mC<Ji,6'2-m'^2,i^(6'l -mWl,6'2-mW2)) 

is measurable with respect to the P-completion of J-2. Therefore, by Theorem 8.2.4 in [2j, we find 
that, for every fixed uji G ili, the set-valued mapping 

oo oo 

W2 ^ Pi y $(m,6'i _ma;i,6'2 -mt^2,-?^(6'l,-mWl,6'2 _mW2)) 
n=l m=n 

is measurable with respect to the P-completion of J-2, which implies that the mapping 

oo oo 

W2 ^ Pi [J $(m,6'i _mWl,6'2 -mW2,-f£r(6'i _mWl,6'2 -mW2)) (2.42) 
n=l m=n 

is measurable with respect to the P-completion of J-2- Then, for every fixed uji G Oi, the measur- 
ability of A{u}i, ■) with respect to the P-completion of J-2 follows from (j2.4ip and ()2.42p . □ 

Note that the attractor constructed in Lemma r2.21l is measurable with respect to the P-completion 
of J-2 rather than J^2 itself. This is because the measurability of the attractor is obtained by using 
Theorem 8.2.4 in [2], and this theorem requires that the probability space is complete. 

Lemma 2.22. Let all assumptions of Lemma \2.21\ hold. Then the unique D-pullback attractor A 
of ^ in T> can be characterized by, for all wi G ili and UJ2 i^2, 

A{ui,uJ2)= U ^{B,uJi,co2), (2.43) 
Bev 

where fl{B,uJi,uj2), as given by ()2.14p . is the fl-limit set of B corresponding to uji and UJ2- 

Proof. It is evident from ()2.35p that A{oji.,oj2) ^ U ^{Li-,^1-,^2) since the P-pullback absorbing 

set K is in T). So we only need to show the reverse inclusion relation. Let y G |J il(i?, wi, a;2)- 

Be© 

Then there exists B £ D such that y G 0,{B ,001,102) ■ It follows from Remark 1 2 . 1 2 1 that there exist 
t„ — > cxD and x„ G B{0i_t^ooi,92-t„'^2) such that 

lim ^{tn, Oi^^t^uji, 02,^1^002, Xn) = y- (2.44) 

n— >oo 

By the attraction property of A we get 

lim d{^{tn,ei^-t,,^i,62,-t,-,uj2,B{6i^^t^uoi,92,-t^U2)),A{^i,U2)) = 0. (2.45) 
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From (|2.44p - (|2.45p we obtain that d {y, A{ijJi,ijJ2)) = 0, and hence y G A{uji,uj2) due to the com- 
pactness of A{oJi,uj2)- This shows that |J Q{B,uji,uj2) ^ A{u}i,u}2) and thus ()2.43p fohows. □ 

Bev 

From Lemma 12.181 up to Lemma 12.221 we immediately obtain the following main result of this 
section. 

Theorem 2.23. Let D be a neighborhood closed collection of some families of nonempty subsets 
of X and ^ be a continuous cocycle on X over (1^1, {^i^tj^gig) and {^2^^2^P^{S2,t}t<=M)- Then <I> 
has a V-pullback attractor A in D if and only if ^ is D-pullback asymptotically compact in X and 
$ has a closed measurable (w.r.t. the P-completion of F2) D-pullback absorbing set K in T>. The 
V-pullback attractor A is unique and is given by, for each ui G Qi and UJ2 G O2, 

^(^1,^2) = n{K,u;i,uj2) = U n{B, 001,002) (2.46) 

Bev 

= {ip{0,0Ji,0J2) : is a V— complete orbit of (^}. (2.47) 

We now prove the periodicity of 2?-pullback of attractors for a periodic cocycle under certain 
conditions. 

Theorem 2.24. Suppose ^ is a continuous periodic cocycle with periodT > on X over (ili, {0i.t}teR) 
and {^^2, J^2, P, {62,t}teR) ■ Let T> be a neighborhood closed and T -translation invariant collection of 
some families of nonempty subsets of X. If ^ is V-pullback asymptotically compact in X and ^ 
has a closed measurable (w.r.t. the P-completion of T2) T>-pullback absorbing set K in T>, then $ 
has a unique periodic V-pullback attractor A £V with period T, i.e., A{0i^t^i^^2) = A{oji,oj2). 

Proof. It follows from Theorem 12.231 that <I> has a unique P-pullback attractor A ^ V which is 
given by ^(IM^ and (pliT]) . We may use either (p:i6]) or (pliT]) to prove Theorem [221 We here 
use the latter to first prove A{6i^t^i^^2) Q A{uji,uj2) for all wi G 0,i and U2 G 0,2- 

Fix oji G 0,1 and 002 G i^2 and take y G A{6i^t^i,^2)- It follows from (|2.47p that there exists a 
P-complete orbit ■0 of <I> such that y = -0(0, ^i^rwi, a;2)- Since ip is a. complete orbit of <I>, for any 
t > 0, r G M, cDi G r^i and 002 G ^2) we have 

^{t, 9i^r+T0Jl,d2,T(^2, '0(t, 9l^T(^l,0j2)) = 1p{t + T, ^i^yWi, W2). (2.48) 

Since ip \s a P-complete orbit, there exists D ^ V such that 

1p{t,ei^T0Ji,0J2) G D{0i^t+T^l,O2,tOJ2) = DT{Ol^t^l,02,t^2), (2.49) 
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where Dt is the T-translation of D given by (|2.4p . We now define a map u : M x x — > X 
such that 

u{t,u]i,Cj2) = ^{t,6i^T^i,uj2), V t G M, V wi G r^i, V 0)2 G 1^2- (2.50) 

We next prove it is a complete orbit of It follows from ()2.50p that for all t > 0, r G M, uji G 
and £^2 G O2, 

= + T, 6'i,TWl,u)2) = u{t + T, (1)1,(1)2), (2.51) 

where we have used the T-periodicity of (j2.48p and (j2.50p . By (j2.5ip we see that n is a complete 
orbit of <I>. We now prove that u is actually a P-complete orbit. It follows from (|2.49p and (j2.5Up 
that for all t > 0, wi G f^i and (1)2 G ^2) 

M(t, 0)1,(1)2) = ilj{t,9i^Ti^i,U2) G DTiOi^ti^i, 62,1^2) ■ (2.52) 

Since D ^ T> and P is T-translation invariant, we know Dt G P, which along with (j2.52p shows 
that n is a 2?-complete orbit. Then it follows from (|2.47p that n(0,(Ji,a;2) G A{oJi,ijJ2)- By ()2.50p 
we have u(0,(Ji,a;2) = ^(0, ^i^t^i, 0^2) = y- Therefore we get y G A{uji,uj2)- Since y is an arbitrary 
element of A{9i^t^1i^2) we find that 

^(0i^T(^i, (^2) ^ -4('^i7'^2)5 for all (jJi G J7i and 002 € ^22- (2.53) 

We now prove the converse of (j2.53p . Let y G A{uji,uj2)- By (|2.47p we find that there exists a 
P-complete orbit ifj oi ^ such that y = ^(0, t^^i, (^2)- Since ip \s a, complete orbit, for any t > 0, 
r G M, (1)1 G r^i and 002 ^^2^ we have 

$(t,6'i,r-rwi,6'2,r'^2,^(r,6'i _ra;i,W2)) = V'(i + t, 6*1 -twi,(Z)2). (2.54) 

Since ^/) is a P-complete orbit, there exists D £ D such that 

V)(t,6'i _TWl,£Z)2) G D{0i^t-T^l,O2,tOJ2) = D _T{Oi^t^i, 62,1(^2) ■ (2.55) 

Define a map i) : M x $7i x 1^2 — s- X such that 

t)(t,(I)i,(I)2) = i/'(t,6li _TWi,W2), V t G M, V (1)1 G r^i, V (1)2 G r22- (2.56) 
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By using the T-periodicity of (j2.54p and (|2.56p . following the proof for u, we can show that v 
is a complete orbit of In addition, by (j2.55p and ()2.56p . we find that for all t > 0, lDi € Oi and 

v{t,Cji,oj2) = -TWi,a)2) G D^T{0i,t^i,92,t^2)- (2.57) 

Since D G T> and P is T-translation invariant, it follows from Lemma [2.7l that D^t S T^, which along 
with (|2.57p shows that f is a D-complete orbit. Then it follows from (j2.47p that v{0,6i^t^^i,^2) G 
A{9i^T^i,^2)- But by (|2.56p we have v{0, 61^x^1,^2) = fpi^, (^1,1^2) = y- Thus we obtain y G 
A{9i^T^i,^2)i from which we get that A{uji,uj2) ^ A{9i^t^i,^2)- This along with ()2.53p concludes 
the proof. □ 

We now provide a sufficient and necessary criterion for the periodicity of random attractors based 
on the existence of periodic pullback absorbing sets. 

Theorem 2.25. Let T> he a neighborhood closed collection of some families of nonempty subsets 
of X . Suppose ^ is a continuous periodic cocycle with period T > on X over {9i^t}teM.) Oind 
{il.2,J~2, {^2,t}tGK). Suppose further that <I> has a V-pullback attractor A T>. Then A is periodic 
with period T if and only if ^ has a closed measurable (w.r.t. the P-completion of T2) V-pullback 
absorbing set K £ D with K being periodic with period T. 

Proof. Suppose A is T-periodic, i.e., for every uji G and UJ2 £^2-: 

A{9i^Ti^i,uj2) = A{oJi,oj2)- (2.58) 

Since A £ T) and T) is neighborhood closed, by the proof of Lemma 12.201 we know that $ has a 
closed measurable P-pullback absorbing set K £ D which is given by (j2.34p . By (|2.58p and (j2.34p 
we find that, for every uji € and u)2 S ^^2; 

K (9 1^x^^1,002) = {x e X : d{x,A{9i^T^i,u}2)) < ei} = {x e X : d{x, A{uji,lo2)) < Si} = K{u}i,u}2)- 

and hence K is periodic with period T. 

On the other hand, if ^ has a closed measurable P-pullback absorbing set K £ V such that K 
is T-periodic, then by (j2.14p . Theorem 12.231 and the T-periodicity of $ we have, for every ui € 
and UJ2 £ 0,2, 

A{9i^TUJi,UJ2) = 0{K,9i^Ti^i,UJ2) = n U ^{ti^l-t0l,TOJl,92,~t^2-,K{9i-t9l,Tl^l,92,-t^2)) 

r>0 t>r 

^ n U *^'(*i^i -t^i'^2-tW2,i^(6'i _ta;i,6'2-tW2)) = VL{K,uji,uj2) = A{ui,uj2)- 

T>0 t>T 

This shows that A is T-periodic and thus completes the proof. □ 
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3 Fullback Attractors for Differential Equations 



In this section, we discuss how to choose the parametric spaces fii and Q2 to study pullback 
attractors of differential equations by using the abstract theory presented in the preceding section. 
Actuahy, the concept of continuous cocycle given by Definition 12.11 is motivated by the solution 
operators of differential equations with both external non-autonomous deterministic and stochastic 
terms. Two special cases are covered by Definition 12.11 one is the solution operators generated 
by equations with only deterministic forcing terms; and the other is the process generated by 
equations with only stochastic forcing terms. In this sense, Definition 12.11 is an extension of the 
classical concepts of autonomous, deterministic non-autonomous and random dynamical systems. 
Indeed, These classical concepts can be cast into the framework of Definition 12 . 1 1 bv appropriately 
choosing the spaces Qi and ^2- To deal with autonomous differential equations, we may simply 
take both ili and as singletons (say, ili = {w*} and Q2 = {'^2})' define = uj^ 

and 62^1^2 ~ ^2 t G M. Then a continuous cocycle <I> in X in terms of Definition 12.11 is 

exactly a classical continuous autonomous dynamical system as defined in the literature (see, e.g., 
[31 [201 [251 [26]) • In this case, if we define 

V = {D = {D{ujI,uj2) : D{ujI,uj2) is a bounded nonempty subset of X}}, (3.1) 

then the concept of a D-pullback attractor given by Definition 12.151 coincides with that of a global 
attractor of Note that when ili = {ojI} and $^2 = {"^2} singletons, every member D oi T> 
as defined by ()3.ip is also a singleton, i.e., D contains a single bounded nonempty set. Therefore, 
in this case, D does not depend on time since 9i^t and 02,t are both constant for all t € M. This 
implies that V given by (|3.1|) is inclusion-closed. Actually, it is also neighborhood closed. In the 
case of autonomous systems. Theorem 12.231 is well known. Next, we discuss the non-autonomous 
systems and random systems in detail. 

3.1 Pullback Attractors for Equations with both Non-autonomous Determinis- 
tic and Random Forcing Terms 

In this subsection, we discuss pullback attractors for differential equations with non- autonomous 
deterministic as well as stochastic terms. In this case, there are at least two options for choosing 
the space Qi to formulate the solution operators of an equation into the setting of cocycles. To 
demonstrate the idea, the pullback attractors of Reaction-Diffusion equations defined on M"" will be 
investigated in the next section. For non-autonomous equations, the space is used to deal with 
the dependence of solutions on initial times. So the first choice of 0,i is M, where M represents the set 
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of all initial times. For the second choice of ili, we need to use the translations of non- autonomous 
parameters involved in differential equations which may be non-autonomous coefficients or external 
terms or both. Let f : M —?■ X he a function that is contained in a differential equation. Given 
/i G M, define : M ^ X by /''(•) = /(• + h). The function f'^ is actually a translation of / by 
h. Let Qf he the collection of all translations of /, that is, ilj = {/'^ : h € M}. Then the second 
choice of J7i is fij. In the sequel, we first discuss the case J7i = M and then 0,i = Qj. As we will 
see later, these two approaches are actually equivalent provided / is not a periodic function. 

Suppose now Qi = R. Define a family {Oi^t}teM. of shift operators by 

Oi^tih) = h + t, for ah t, /i € M. (3.2) 

Let <I>: R+xMxr22X-'^ —^Xhea continuous cocycle on X over (M, {9i^t}tm) and {0,2,J^2,P, {^2,t}teiR), 
where {Oi^t}teM. is defined by (j3.2p . By Definition 12.81 a map ip: M x M x 0,2 ^ a. complete 
orbit of ^ if for every t>0, t€M, sGM and uj & Q2, the following holds: 

^{t,T + S,92,tOJ,iP{t,S,U})) = '4){t + T,S,Oj). (3.3) 

Let ^ : R X ^ -'^ satisfy, for alH > 0, r G M and lo € VL2, 

$(t, r, w, C(r, uj)) = i{t + T, 02,iw). (3.4) 

Any function ^ : M x — ^ AT with property (j3.4p is said to be a complete quasi-solution of <I> 
in the sense of ()3.4p . If, in addition, there exists D = {D{t,uj) : t € M,a; € $12} € V such that 
^(t,a;) G D{t,uj) for all t € M and u; € i725 then, we say ^ is a 2?-complete quasi-solution of ^ in 
the sense of (|3.4p . If -0 : M x M x 172 — A is a complete orbit of <I> according to Definition 12.81 
then for every s € R, it is easy to check that the map {t,uj) & M x 0,2 "^{t — s, 02,s-t'^) 
is a complete quasi-solution of <I> in the sense of (j3.4p . Further, ^'^(s,a;) = il^^O, s,uj). Similarly, if 
^ : R X r22 — A is a complete quasi-solution of $ under (j3.4p . then the map tl^ : M. x M. x 0,2 ^ X 
defined by 

■4'{t, s,u)) = ^{t + s,92^t^), for all t, s G R and € 122) (3-5) 

is a complete orbit of ^ in the sense of (j3.3p . In addition, ip{0,s,(jj) = ^(s,lj). Using (j3.3p - ()3.5p 
and applying Theorem 12.231 to the case Oi = M, we get the following result. 

Proposition 3.1. Let V he a neighborhood closed collection of some families of nonempty subsets 
of X and ^ be a continuous cocycle on X over (K, {0i^t}teM.) o.^d {Q2,J^2,P,{92,t}tGM.), where 
{9i,t}teR is defined by (|3.2p . Then ^ has a V-pullback attractor A in V if and only if $ is V- 
pullback asymptotically compact in X and <I> has a closed measurable (w.r.t. the P -completion of 
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J-2) V-puUback absorbing set K in V. The V-puUback attractor A is unique and is given by, for 
each r G M and a; € r22) 

A{t,uj) = Q{K,T,uj) = [j n{B,T,io) (3.6) 

= {'0(0, T,u;) : ip is a V— complete orbit of ^ under Definition (|2.8|) } (3-7) 
= {^(t,cj) : ^ is a V— complete quasi- solution of ^ in the sense of (j3.4p }. (3-8) 

We now consider periodic pullback attractors. Let T > and $ be a periodic cocycle with 
period T, that is, for every t > 0, r G R and uj ^0.2, '&(t, r + T, w, •) = ^>(t, r, w, •). Then it follows 
from Theorems 12.241 and 12.251 that the 2?-pullback attractor of ^ is also periodic under certain 
circumstances. 

Proposition 3.2. Suppose ^ is a continuous periodic cocycle with period T > on X over 
(M, {9i,t}teM.) o,^d {0,2, J^2, P, {^2,t}ieM); where {0i^t}t<^R is defined by (j3.2p . Let V be a neighborhood 
closed and T -translation invariant collection of some families of nonempty subsets of X. If ^ is 
D-pullback asymptotically compact in X and <I> has a closed measurable (w.r.t. the P -completion 
of T2) T> -pullback absorbing set K in T>, then <I> has a unique periodic T>-pullback attractor A V 
with period T, i.e., for each r € M and lo G Q2, A{t -\-T,u) = A{t, to). 

We now discuss the second approach to deal with non-autonomous equations by taking = flf, 
where / : M — ?> X is a parameter contained in an equation. Note that for any hi, h2 (z M with 
hi ^ h2, we have f^^ 7^ f^^ as long as / is not periodic in X. In this case, we can define a group 
{Oi,t}teR acting on 0/ by 

ei^tf^ = f^+'' forall t€M and / € 0/. (3.9) 

If / is a periodic function with minimal period T > 0, then Of = where = {f^ : < h < 
T}. For each t G M, we define a map 9i^t- O^ — ^ 0,^ such that for each < h < T, 

0i,tf'' = r, (3.10) 

where r G [0,T) is the unique number such that t + h = mT + t for some integer m. Then {^i,t}teR 
given by ()3.10p is a group acting on ilj for a periodic / with minimal period T. 

We first consider the case where / is not periodic in X. Let 'k Of x O2 ^ X ^ X he a 

continuous cocycle on X over {VLf,{9i^t}tm) and {02,^2, P,{02,t}tm)-, where {Oi^t}tm. is defined 
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by (j3.9p . Suppose ip: M x ilj x — ^ ^ is a complete orbit of that is, for every t > 0, r G R, 
f'^ eQf and a; € ri2, 

^+^ 02,^^, ^(r, /\ a;)) = V(t + r, /^ a;). (3.11) 
Let ^ : M X ^ -'^ satisfy, for all t > 0, e ilf and uj G il2, 

«>(t,/\w,C(/i,a;)) =C(t + /i, 02,40;). (3.12) 

Such a function ^ is called a complete quasi-solution of <I> in the sense of (|3.12|) . If, in addition, 
there exists D = {D{f\uj) : f enf,uj e ^2} G such that C(t,w) S D{f,uj) for ah t G M and 
cj € ^^2) then, we say ^ is a D-complete quasi-solution of <I> in the sense of p.l2p . If ^ : M x i7j x 1^2 
^ X is a P-complete orbit of ^ by Definition 12. 8| then for every /i € M, we can show that the map 
Sj^: {t,uj) € M X il2 ^ ^(t — h, f^,62^h-T^) is a P-complete quasi-solution of <I> in the sense of 
(|3.12p . Vice versa, if ^ : M x il2 — -'^ is a P-complete quasi-solution of <I> by (|3.12p . then the map 

is a P-complete orbit of $ in terms of Definition 12.81 
and il){0, ,uj) = ^(/i,w). Thus, we have the following result from Theorem 12.231 

Proposition 3.3. Suppose f : M X is not a periodic function. Let D be a neighborhood closed 
collection of some families of nonempty subsets of X and ^ be a continuous cocycle on X over 
{Q.f,{6i^t}tm) and {^2,^2,P,{62,t}t&), where {6i^t}tm is defined by <^M). Then $ has a V- 
pullback attractor A in D if and only if $ is D-pullback asymptotically compact in X and ^ has a 
closed measurable (w.r.t. the P -completion of T2} D-pullback absorbing set K in T>. The T>-pullback 
attractor A is unique and is given by, for each f^ G 0,f and u £ U2, 

Aif\oj) = niK,f\oj)= U niB,f\oj) 

= {^p{0, f^ ,U}) : if) is a V— complete orbit of ^ under Definition (|2.8p } 
= {S,{h,uj) : S, is a D— complete quasi-solution of ^ in the sense of (j3.12p }. 

We next examine the relations between Propositions 13.1] and 13.31 In this respect, we will prove 
that these two propositions are essentially the same if / is not a periodic function. Suppose $ is 
a continuous cocycle on X over (0/, {9i^t}tm) and {Q2,J^2,P, {d2,t}tm) with {9i,t}teM being given 
by p.9p . Then we can associate with <I> another continuous cocycle <I>: xMxri2X^— ^'^by 

^{t,T,uj,-) = ^{t,f^,uj,-), for ah t > 0, r G M and w e f^2- (3.13) 

Indeed, one can show that $ is a continuous cocycle on X over (M, {0i,t}teK) and {Q2,J^2, P-, {&2,t}teM) 
with {6i^t}tm being given by ([32]) • Suppose that V = {D = {D{f^,uj) : f^' e Uf^oj e O2}} is a 
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collection of some families of nonempty subsets of X. Give D = {D{f , uj) : f ^ ^f,uj ^ ^2} G 
denote by 

D = {D{t,uj) : D{t,uj) = D{r,oj), r G M, u e ^2}. (3.14) 
Let V be the collection corresponding to P as defined by 

V = {b -.bis given by ([m]) . D € V}. 

If ^ = {A{f^,uj) : G ^If, ijj € 1^2} is the P-pullback attractor of <I>, then it is easy to check 
that A = {A{t,oj) : r € M, uj ^ Q.2} is the P-pullback attractor of where A{t^lo) = A{f'^,io) 
for each r € M and a; € 1^2- The converse of this statement is also true if / is not a periodic 
function because, in that case, one can define T) and A for given <I>, V and A by the reverse 
of the above process. However, for periodic / with minimal period T > 0, we can not define the 
collection T> from T) by the inverse of (j3.14p if there are D G D, r G M and a; € 1^2 such that 
D{t,u}) 7^ D{t + T,u}). In this case, we can take = fij with {8i^t}t£R being given by (jS.lOp . 
Then applying Theorem 12. 23t we find the following result. 

Proposition 3.4. Suppose f : M ^ X is periodic with minimal period T > 0. Let T) he a 

neighborhood closed collection of some families of nonempty subsets of X and ^ he a continuous 
cocycle on X over {^I'j ,{9i^t}tm) and {^2,^2,P,{(^2,t]tm), where {6i^t}tm is defined by (jS.lOp . 
Then ^ has a D-pullback attractor A in D if and only if ^ is D-puUback asymptotically compact in 
X and ^ has a closed measurable (w.r.t. the P-completion of T2) V-pullback absorbing set K in 
T>. The T>-pullback attractor A is unique and is given by, for each f^ € fij and uj ^0.2, 

A{f\u:) = n{K,f\u:)= \J n{B,f\u;) 

Bev 

= {1^(0, f^ ,u}) : ijj is a V— complete orbit of ^ under Definition (j2.8p } 
= {(^{h,uj) : is a V— complete quasi- solution of ^ in the sense of (j3.12p }. 

Note that the P-pullback attractor A = {A{f^,uj) : h G [0,T),w G ^12} of <I> obtained in 
Proposition 13.41 can be extended to a periodic attractor by setting, for every h G M. and w G fl2, 
A{f'^,co) = Aif^jCo) with r G [0, T) such that h = rriT + r for some integer m. 

3.2 Attractors for Equations with only Random Forcing Terms 

To deal with differential equations with only stochastic forcing terms but without non-autonomous 
deterministic terms, we may take = {w*} as a singleton, and define {6i^t\tGM. by 9i,t^* = w* 
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for all t G M. In this case, Definition 12.11 is the same as the concept of cocycles as introduced in 
[U [161 [181 [23] . We now drop the dependence of all variables on Jli and write {^2, J^2, P, {02,t}teR) 
as P,{9t}teR)- For the reader's convenience, we rephrase Theorem 12.231 as follows. 

Proposition 3.5. Let V be a neighborhood closed collection of some families of nonempty subsets 
of X and ^ be a continuous cocycle on X over {Q,J^, P, {Ot}teR)- Then $ has a D-pullback attractor 
A in D if and only if <I> is D-pullback asymptotically compact in X and ^ has a closed measurable 
(w.r.t. the P-completion of T) V-pullback absorbing set K in T). The T>-pullback attractor A is 
unique and is given by, for each u; € fi, 

A{uj) = n{K,uj) = [j n{B,uj) 

= {'0(0,0;) : ijj is a T>— complete orbit of ^ under Definition (|2.8p }. 

It is worth noticing that, in the case where is a singleton, a map tl^: ^ ^ a complete 

orbit of <I> by Definition 12.81 if and only if for each t > 0, r G M and oj €z ^2, there holds 

^>(t, 02,rW, w)) = ijit + T, CJ). (3.15) 

In other words, if a system contains only random forcing without other non- autonomous deter- 
ministic forcing, then the concept of a complete orbit of the system should be defined by (|3.15p . 
Note that (j3.15p is different from (j3.4p and that is why a function with property (|3.4p is called a 
complete quasi-solution instead of a solution. 

As mentioned in the Introduction, if the cocycle $ is compact in the sense that it has a compact 
P-pullback absorbing set, then the existence of D-pullback attractors of $ was proved in [18j. The 
compactness of <I> was later replaced by the P-pullback asymptotic compactness and the existence 
of attractors in this case was proved in [5j. Under further assumptions that D is neighborhood 
closed. Proposition 13.51 shows that the P-pullback asymptotic compactness and the existence of 
closed measurable P-pullback absorbing sets of <I> are not only sufficient, but also necessary for 
existence of P-pullback attractors. In addition. Proposition 13.51 provides a characterization of 
pullback attractors in terms of the P-complete orbits of ^. 

3.3 Attractors for Non-autonomous Deterministic Systems 

As a special case of systems with both deterministic and random terms as discussed in Section 
13.11 we now consider the systems with only non- autonomous deterministic parameters. Of course, 
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all results presented in Section 13.11 are valid in this special case. Because pullback attractors for 
non- autonomous deterministic systems are interesting in their own right, it is worth to rewrite the 
main results of Section 13.11 for this specific case. 

To handle non- autonomous deterministic systems, we may take = {^*} as a singleton and 
either r^i = M or Oi = fij. Suppose = W*} is a singleton. Let P be the probability on 
({w*}, ^"2) with T2 = {{u;*},0}. For aU t G M, set 92,t^* = 00*. We first consider the case where 
ill = M with {Oi^t}teM. being given by (|3.2p . Since is a singleton, from now on, we will drop the 
dependence of all variables on ^2- 

Let ^: xMxX— T-Xbea continuous cocycle on X over (M, {^i,t}tgiR) with {^i,t}tgK being 
given by ()3.2p . The existence of pullback attractors for such <I> has been investigated by many 
authors in \T0\ [35] and the references therein. Our results here will provide not only sufficient 
but also necessary criteria for existence of P-pullback attractors. 

Let ip: MxM^Xbeaa complete orbit of <I> in the sense of Definition 12. 8| that is, for every 
t > 0, T G M and s G M, there holds: 

$(t,T + s,^(r,s)) = + (3.16) 

Let C : ^ satisfy, for alH > and r G M, 

Ht,T)C{T)=at + T). (3.17) 

In the literature, any ^ with property (|3.17p is called a complete solution of see, e.g., [U [131 [26]. 
If there exists D = {D{t) : t G R} G P such that i{t) G D{t) for ah t G M, then we say ^ is 
a D-complete solution of <I> in the sense of (j3.17p . Our definition ()3.16p is different but closely 
related to (j3.17p . Actually, if ^ : M x M ^ X has property (j3.16p . then for every fixed s G M, 
^*(.) = ^(. — s^s) maps M into X with property (|3.17p . In other words, for every s G M, is 
a complete solution in the sense of (j3.17p . and 5,^{s) = "0(0,5). Similarly, given ^ : M — > X with 
property (j3.17p . define a map : M x M ^ X by 

V'(t, s) = i{t + s), for all t, s G M. (3.18) 

Then -0 is a complete orbit of <I> in the sense of (j3.16p . It follows from (|3.18p and Lemma [2 . 1 8 1 that . 
if $ has a P-pullback attractor A = {A{t) : r G M}, then for every r G M, 

A{t) = {^(r) : ^ is a P— complete solution in the sense of ()3.17p }. (3.19) 

The characterization of A given by (|3.19p can be found in [13] for non-autonomous determinis- 
tic equations, where A is called kernel sections instead of pullback attractors. By dropping the 
dependence of variables on ^2^ we have the following result from Proposition 13. 1[ 
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Proposition 3.6. Let V be a neighborhood closed collection of some families of nonempty subsets 
of X and ^ be a continuous cocycle on X over {M.^{6i^t}t<^M) with {^i,t}teiR given by (|3.2p . Then 
^ has a D-pullback attractor A in V if and only if <I> is V-pullback asymptotically compact in X 
and $ has a closed V-pullback absorbing set K in T). The V-pullback attractor A = {A{t)}t-£m. is 
unique and is given by, for each r € M, 

A{t) = n{K,T) = U n{B,T) 

Bev 

= {'iP{0,t) : Tp is a V— complete orbit of ^ under Definition (|2.8p } 
= {^(t) : is a T>— complete solution of ^ in the sense of ()3.17p }. 

In the case where $ is a periodic cocycle with period T (i.e., s + T,-) = s, ■) for all t > 
and s € M), Proposition 13.21 implies the result below. 

Proposition 3.7. Suppose ^ is a continuous periodic cocycle with period T > on X over 
{M, {6i^t}teM.) with {9i^t}teR given by ()3.2p . Let T> be a neighborhood closed and T -translation 
invariant collection of some families of nonempty subsets of X. If ^ is T>-pullback asymptotically 
compact in X and ^ has a closed V-pullback absorbing set K in D, then <I> has a unique periodic 
T>-pullback attractor A = {A{t)}t-£R £ L), that is, for each r € M, A{t + T) = A{t). 

We now discuss the case where = W*} is a singleton and Qi = flf. Suppose / : M — > X is 
not a periodic function. Let ^: x x {oj*} x X — )■ X be a continuous cocycle on X over 
(ri/, {6*1,4 }jeM) and {{uj*}, T2, P, {92,t}teR), where {Oi^t}tm is given by ([SJ]). For convenience, we 
drop the dependence of variables on from now on. Suppose ^: RxQf—^Xisa complete orbit 
of $ in the sense of Definition ESI i.e., for every r G M, t > and G 0/, 

^+^V(r,/'^)) = V(^ + T,/'^). (3.20) 

Let ^ : M ^ X satisfy, for alH > and f^ ^^j, 

HtJ^)ah) = at + h). (3.21) 

If, in addition, there exists D = {D{f*) : /* G il/} G P such that ^(t) G £>(/*) for aU t G M, then, 
we say ^ is a P-complete solution of $ in the sense of ()3.2ip . If-f/'iMxil^— T-Xisa complete 
orbit of <I> in the sense of Definition 12.81 then by (|3.20p . for every fixed /i G M, = ip{- — h, f^) 
is a complete orbit of <I> in the sense of (j3.2ip and £,^{h) = ^/'(O, f^). Similarly, if ^ : M ^ X is a 
complete solution of <I> under ()3.2ip . then the mapping : (t, f^) G M x ilj ^(t, f'^) = ^[t + h) 
is a complete solution of <I> under Definition 12.81 and ip{0,f^) = ^(/i). Thus, as a special case of 
Proposition 13.31 with Q2 = we have the following result. 
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Proposition 3.8. Suppose / : M — ?> X is not a periodic function. Let D be a neighborhood closed 
collection of some families of nonempty subsets of X and ^ be a continuous cocycle on X over 
{^f, {Oi^t}t&R) with {0i,t}teR given by (j3.9p . Then <I> has a V-pullback attractor A inV if and only 
if ^ is V-pullback asymptotically compact in X and has a closed D-pullback absorbing set K in 
D. The D-pullback attractor A = {A{f^)}j-h^Q^. is unique and is given by, for each f^ € 0,f, 

A{f^) = n{Kj^)= u 

= {1^(0, f^) : ^ is a T>— complete orbit of ^ under Definition (j2.8p } 
= {S,{h) : is a T>— complete solution of ^ in the sense of (|3.2ip }. 

Based on the translations of /, the attractors of deterministic equations can also be studied by the 
skew semigroup method, see, e.g., [13]. The idea of this approach is to lift a cocycle to a semigroup 
defined in an extended space. Let Cfe(M, X) be the space of bounded continuous functions from M 
to X with the supremum norm. Given / € Cb(M, X), let S be the closure of ilj with respect to 
the topology of Cb(]R, X). If S is compact, then the skew semigroup method can be used to deduce 
the existence of non-autonomous attractors under certain circumstances, see |13) for instance. Our 
approach with ili = ilj is different from the skew semigroup method in the sense that we consider 
the set Vtf only as a parametric space; neither the boundedness of /, nor the precompactness of 0/, 
is needed. This is why Proposition [3]8] could be applied to an unbounded / with even exponentially 
growing rate as t ^ ±00. 

Note that Propositions 13.61 and 13. 81 are essentially the same as long as / is not a periodic function. 
This follows from the discussions presented in Section [3TT] by setting ^2 = {w*}. For periodic /, 
we have the following result from Proposition 13.41 

Proposition 3.9. Suppose f : M ^ X is periodic with minimal period T > 0. Let T> be a 

neighborhood closed collection of some families of nonempty subsets of X and ^ be a continuous 
cocycle on X over {ii^ ,{6i^t)t&w), where {^i,t}teM defined by (|3.10p . Then <I> has a T>-pullback 
attractor A in T> if and only if $ is D-pullback asymptotically compact in X and <I> has a closed 
D-pullback absorbing set K in D. The D-pullback attractor A is unique and is given by, for each 

A{f^) = mj^)= U m.f'') 

Bev 

= {il>{0,f^) : is a D— complete orbit of ^ under Definition (j2.8p } 
= {S,ih) : is a D— complete solution of ^ in the sense of (|3.2ip }. 
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4 PuUback Attractors for Reaction-Diffusion Equations 



As an application of our main results, in this section, we study pullback attractors for Reaction- 
Diffusion equations defined on R" with both non-autonomous deterministic and stochastic forcing 
terms. We first define a continuous cocycle for the equation in L^(M"), and then prove the pullback 
asymptotic compactness of solutions as well as the existence of pullback absorbing sets. We will 
also discuss periodic pullback attractors of the equation when the deterministic forcing terms are 
periodic functions in L^(M"). 

4.1 Cocycles for Reaction-Diffusion Equations on M" 

Given r G M and t > t, consider the following non-autonomous Reaction-Diffusion equation defined 
for X e W, 

du + (An - Au)di = /(x, u)dt + g{x, t)dt + h{x)du, (4.1) 

with the initial data 

u{x,t) = Ur{x), a;GM", (4.2) 

where A is a positive constant, g G Lf^^{^,L'^{W)), h G H^{W)f]W^^P{M."-) for some p > 2, oo 
is a two-sided real-valued Wiener process on a probability space. The nonlinearity / is a smooth 
function that satisfies, for some positive constants ai, a2 and 0:3, 

f{x,s)s < -ai\s\P + VxGM", VsGM, (4.3) 

\f{x,s)\<a2\s\P-'^ + 'tP2{x), VxGM'*, VsGR, (4.4) 
%(x, s)<a3, V x € M", V s € M, (4.5) 

OS 

\^{x,s)\<Mx), VxgR", VsgR, (4.6) 
where ipi G L^{R'') n L°^(i2") and ^^2, V's G ^^(i?"). 

To describe the probability space that will be used in this paper, we write 

n = {uje C(M,M) : w(0) = 0}. 

Let T be the Borel cr-algebra induced by the compact-open topology of and P be the corre- 
sponding Wiener measure on ($7,^). Define a group {^2,t}teiR acting on {U,T,P) by 

e2,tco{-) = u{- + t) - uj{t), w G O, t£R. (4.7) 
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Then {Cl,T,P, {62,t}teM.) is a parametric dynamical system. 

Let {^i,t}(giR be the group acting on M given by (13. 2p . We next define a continuous cocycle for 
equation (j4.ip over (M, {Oi^t}teE.) and (il, .F, P, {92,t}t£R)- This can be done by first transferring the 
stochastic equation into a corresponding non-autonomous deterministic one. Given a; G fi, denote 
by 

z{uj) = -A / e^^uj{T)dT. (4.8) 

J — oo 

Then it is easy to check that the random variable z given by (j4.8p is a stationary solution of the 
one-dimensional Ornstein-Uhlenbeck equation: 

dz + Xzdt = dw. 

In other words, we have 

dz{92,tuj) + \z{e2,t0j)dt = dw. (4.9) 

It is known that there exists a 02,t-iiivariant set i7 C of full P measure such that z{92,t^) is 
continuous in t for every u; G fi, and the random variable \z{ijj)\ is tempered (see, e.g., [H [TSt [TB]). 
Hereafter, we will not distinguish Vt and Vt, and write $7 as VL. 

Formally, if u solves equation (|4.ip . then the variable v{t) = u{t) — hz{92,t^) should satisfy 
dv 

— + Xv-Av = /(x, V + hz{92,tu))) + g{x, t) + z{92,ti^)Ah, (4.10) 

for t > T with r G M and x G M". Since (I4.10p is a deterministic equation, following the arguments 
of [26], one can show that under (jir3|) - ([0]) . for each a; G il, r G M and Vr G L^(M"), equation (|4.10p 
has a unique solution v{-,t, uj, Vr) G C([t, oo), L2(M")) fl L'^{{t,t + T)- H^{W)) with v{t, t, u, Vr) = 
Vr for every T > 0. Furthermore, for each t > t, v{t, r, u, v^) is (J", i3(L2(M")))-measurable in w G 17 
and continuous in with respect to the norm of L^(]R") . Let u{t, r, w, u-r) = v{t, r, w, Vr)+hz{92^t^) 
with Ur = + hz{92^T^). Then we find that u is continuous in both t > t and Ur G L^(R") and 
is (J-", S(L^(R")))-measurable in cj G 0. In addition, it follows from (j4.10p that u is a solution of 
problem ([iTj-dM]). We now define a cocycle $ : M+ x M x 17 x L'^{W) ^^(M") for the stochastic 
problem Given t G M+, r G M, w G 17 and G ^^(M"), set 

$(t, r, W, li,-) = u{t + T, r, 92 -T^, Ur) = v{t + r, r, 02 -r^, Vr) + hz{92^t^), (4.11) 

where Vr = Ur — hz{uj). By the properties of u, it is easy to check that <I> is a continuous cocycle on 
L2(M") over (M, {ei,Ji6M) and {n, J^, P, {92,t}tm), where {Oi^thm and {92,t}tm are given by ^ 
and (|4.7p . respectively. In other words, the mapping $ given by (|4.1ip satisfies all conditions (i)- 
(iv) in Definition 12.11 In what follows, we establish uniform estimates for the solutions of problem 
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(j4.ip - ()4.2p and prove the existence of pullback attractors for (f) in L^(]R"). To this end, we first need 
to specify a cohection V of famihes of subsets of L^(M"). 

Let be a bounded nonempty subset of L^(M"), and denote by ||i?j| = sup ||(/?||/^2mn). Suppose 

D = {D{T,tj) : r G MjO; € ri} is a family of bounded nonempty subsets of L^(]R") satisfying, for 
every r G M and a; G 17, 

lim e^'\\D{T + 3,02 si^)f = 0, (4.12) 

s— oo ' 

where A is as in (j4.ip . Denote by Pa the collection of all families of bounded nonempty subsets of 
L2(M") which fulfin condition KT2\\ . i.e., 

Vx = {D = {D{t,u) ■.TeR,ujen}: D satisfies KT2\i }. (4.13) 

It is evident that Vx is neighborhood closed. The following condition will be needed when deriving 
uniform estimates of solutions: 

/ e^'lb(-,s)lli2(Mn)C?s<oo, VtGM, (4.14) 

— oo 

which implies that 

lim / / e^'\g{x,s)\^dxds = 0, V r G M. (4.15) 

Notice that condition (j4.14p does not require that g be bounded in L'^(W^) when s — )■ ±00. 
Particularly, this condition has no any restriction on g{-, s) when s — > +00. 

4.2 Uniform Estimates of Solutions 

In this section, we derive uniform estimates of solutions of problem (|4.ip - (|4.2p which are needed for 
proving the existence of DA-pullback absorbing sets and the PA-pullback asymptotic compactness 
of the cocycle Especially, we will show that the tails of solutions are uniformly small for large 
space and time variables. The estimates of solutions in L^(M"') are provided below. 

Lemma 4.1. Suppose and (|4.14p hold. Then for every t eR,ujefl and D = {D{t,uj) : 

r G M, G il} G Vx, there exists T = T{t,uj,D) > such that for all t > T, the solution v of 
equation ()4.10p with uj replaced by 62 -t^ satisfies 



e^'\\g{-,s)fds + M / e^'\z{e2,s^)\Pds 
-00 J —00 



and 



e^' (^\\v{s,T - t,92-rC^,Vr-t)\\Hl(^n) + \\v{s,T - t,92-TUJ,Vr-t) + hz{92,s-TUj)\\'^^ ds 
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<Me^^ + M / e^'\\g{-,s)fds + Me^^ j 

J—OO J — rX 



e^'\z{e2,sUj)\Pds, 



' — oo 

where Vr-t £ D{t — t, o^nd M is a positive constant depending on X, but independent of t, 

uj and D. 



Proof. It follows from (|4.10p that 

oTTllkf + + llV^if = / f{x,v + hz{e2,tuj)) vdx + {g,v)+zi92,tUj){Ah,v). (4.16) 

z at J^n 

By (j4.3p and (j4.4p . the first term on the right-hand side of ()4.16p satisfies 

f{x, V + hz{92,t^)) vdx 



f{x,v + hz{92,t^)) {v + hz{92^t^)))dx - z{62^t^) j f{x,v + hz{92,t^)) h{x)dx 
< — ai / \v + hz{92,t^^)\^dx + j 'ipi{x)dx 



+a2 I \v + hz{92,t(^)T ^ \hz{92,ti^)\dx + j \^2\\hz{92,tuj)\dx 

< -^ai\\v + hz{92,tu:)\\P + ci(l + 12(^2,*^)^), (4.17) 

where we have used Young's inequality to obtain (I4.17p . Note that the last two terms on the 
right-hand side of (j4.16p are bounded by 

ll^llll^ll + \\z{92,tu;)Vh\\\\Vv\\ < \x\\vf + ^\\gf + ^\\z{92,tio)Vhf + ^\\Vvf. (4.18) 

By we find that 

j^Wvf + lM\vf + W'^vf + ai\\v + hz{92,tu:)\\P < j\\gf + 02(1 + k(02,t^)n. (4.19) 

Multiplying ()4.19p by e'*** and then integrating the resulting inequality on (r — t, r) with t > 0, we 
get that for every a; G fi, 

\\v{t,t -t,uj,Vr-t)f + I e^^'-^^\\Vv{s,T -t,UJ,Vr-t)fds 

Ax r e^^'-^^\\v{s,T-t,u,Vr-t)fds + ai f e'^^'-^^Wvis^r - t,uj,Vr-t) + hz{92,su:)\\lds 

r e^'M;s)fds + C3 + C3 r e^^''^^\z{92,sU:)\Pds. 
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<e-'Hvr.tf + le~'^ 



Replacing u by we find that 

\\v{T,T-t,e2,^r^^,Vr-t)f + I C^^''^'^ \\Vv{s , T - t , e2,-rUJ , Vr-t)f ds 



T-t 



+ 1-X [ e^^'-^^\\v{s,T-t,e2,-rUJ,Vr-t)f+ai [ e^^'-^^\\v{s,T-t,e2,-rUJ,Vr^t) + hz 
^ JT-t Jr-t 

<e-^'\\vr-tf + ^e-^- r e^'M;s)fds + C3 + C3 r e^(^--)|z(02,s-rC^)Rs 

J-oo Jr-t 

r e^'\\gi;s)fds + C3 + C3r e^'\zie2,su;Wds. (4.20) 

J — oo J —oo 



A 



Since Vr-t G D{t — 1,62-1'^) we see that 

limsupe"^*||v^_tf < Hmsup e"^*||L'(T - t,6'2 _ta;)f = 0. 

Therefore, there exists T = T{t,uj,D) > such that for all t >T, e^^''\\vr-t\\'^ < 1, which along 
with (j4.20|) completes the proof. □ 

As a consequence of Lemma 14.11 we have the following inequality which is useful for deriving the 
uniform estimates of solutions in H^{W^). 

Lemma 4.2. Suppose and ()4.14p hold. Then for every t G R, w G 17 and D = {D{t,uj) : 

r G G il} G Vx, there exists T = T{t,uj,D) > 1 such that for all t > T, the solution v of 
equation (|4.10p with uj replaced by 62 -r^^ satisfies 
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{\\Vv{s,T - t,92-rUJ,Vr-t)f + \\v{s,T - t,92-rUJ,Vr-t) + hz{e2,s-T^)\\p) ds 

<M + Me~^^j e^'\\g{-,s)fds + M f e^'\z{e2,s^^)fds, 

where Vr-t € D{t — t,62-t0j) and M is a positive constant depending on X, but independent of t, 
UJ and D. 

Proof. By Lemma l4.ll we see that there exists T = T{t,uj,D) > 1 such that for all t>T, 
e^" {\\Vv{s,T - t,92-TUJ,VT-t)\\'^ + \\v{s,T - t,92-TUJ,Vr-t) + hz{e2,s~T^^)\\p) ds 

e^' {\\VV{S, T-t, 02 -rU}, Vr-t) f + \\v{s, T-t, 6^2 -r^, Vr-t) + /l2;(6'2,^_rW) ds 

<Me^^ + M r e^'\\g{-,s)\\^ds + Me^^ r e^'\z{92,sUj)\Pds 

J—oo J — oo 

Note that e'^'* > e^'^e"^ for all s > r — 1. Thus Lemma 14.21 follows immediately. □ 
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r-l 



T-t 



Lemma 4.3. Suppose ([0|) - (fO|) and ()4.14p hold. Then for every r G M, cj G O and D = {D{t, lu) : 
r G MjtJ G il} G Vx, there exists T = T{t,oj,D) > 1 such that for all t > T , the solution v of 
equation (|4.10p with uj replaced by satisfies 



\\Vv{T,T-t,e2,-rio,Vr-t)f <M + Me-^^ r e^' \\g{- , s)f ds + M f e^'\z{e2,s^)\Pds, 

where Vr-t £ D{t — t,02,-i'^) and M is a positive constant depending on X, but independent of t, 
UJ and D. 

Proof. Multiplying (|4.10p by Av and then integrating the equation we get 

o:^l|Vff + A||Vi;f + |lA7;f = - / f{x,v + hz{e2,t^^))Avdx - {g + z{e2,tUj)Ah, Av). (4.21) 

Z Clt Jjjn 

By (l4.4p -( jT6]l we have the following estimates for the nonlinear term: 

— / f{x,v + hz{02,t^))Avdx = — / f{x,u)Audx+ / f{x,u) z{62,t^)Ahdx 
Jr" ' Jr" Jr" 

= / — (x, ti) Vtidx + / — (x, u) |Vnpdx + / f{x,u)z{92,t'^)Ahdx 

Jr" JM" OU J]gn 

< WijsWWVuW + f3\\Vuf + a2 [ \u\P-^ \z{e2,tUj)Ah\dx+ [ \Mx)\ \zie2,tu;)Ah\dx 

Jr" Jr" 

< Cl {\\VV + z{e2,tC0)Vhf + \\V + z{e2,tC0)h\\P) + Cl (1 + \z{02,tU:)\n . 

< C2 iWVvf + IIHI^) + C2 (1 + \z{e2,tuj)n ■ (4.22) 
Note that the last term on the right-hand side of (I4.2ip is bounded by 

1(5, Av)\ + \{z{e2,tUj)Ah, Av)\ < ^\\Avf + \\gf + \\z{92,too)Ahf . (4.23) 

It follows from (fOT]) - (fi:2H]) that 

^||V^;||2 + 2A||V^|I2 + \\Avf < C2 {\\Vvf + \\v\\p) + \\gf + cg (1 + k(^2,tu;)n , 

which implies that 

jjVvf < C2 iWVvf + Wvr^,) + \\gf + C3 (1 + \z{92,tuj)n ■ (4.24) 
Given t>0, tGR, uj£^} and s G (r — 1, r), integrating ()4.24p on (s, r) we get 

\\\/v{t, T-t,U, Vr-t)f < \\VV{S, T-t,iO, Vr-t) f + j ^ (^ + Wu^) T)*^? 
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+C2 J {\\Vv{^,T-t,u;,Vr-t)f + Mtr-t,oj,Vr-tWp)d^+ I \\g{;OfdC. 
Integrating the above with respect to s on (r — 1,t), we obtain that 



\\Vv{t,T -t,UJ,Vr-t)f < / \\VV{S,T -t,U,Vr-t)fds + C3 (1 + |z(02,f 1^)^^ 

Jt-1 Jt-1 

+ C2 r {\\Vv{tr-t,UJ,Vr-t)f + \\v{tT-t,OJ,Vr-t)rp)d(+ f M^Ofdi. 
Jt-1 Jt-1 

Now replacing lo by 02,-r'^5 we get that 

fT 

2 ^ / IIV7„,/'„ ^ + , . „, M|2, 



\\Vv{t,T -t,e2,-Ti^,Vr-t)f < / \\VV{S,T -t,e2,-T^,V^^t)fds + Ci (1 + |z(02,5-r^) Dc^? 

Jt-1 Jt-1 

+C2 r (||Vt;(e,r-t,02,-T^,^T-t)f + ||^^(C,T-t,e2,-Ta;,t;T-t)|pf^C+ T 

Jt-1 Jt-1 

Let T = T{t,uj,D) > 1 be the positive number found in Lemma 14.21 Then it foUows from the 
above inequahty and Lemma 14.21 that, for all t >T, 

\\Vv{t,t - t,02,-Tio,Vr-t)f < C4 + Cie-^^ j c^' \\g{- , s)f ds 

J — oo 

+ Ci f e^^|z(02,.^^)|P(is + C4 ! \z{e2,s-Tio)\^ds+ j \\g{-,s)fds. (4.25) 

J — OO J T—1 J T—1 

Note that the last two terms on the right-hand side of (|4.25p can be controlled by the first three 
terms. Indeed, we have 

/ \z{e2,s-T^Wds = r \z{e2,s^)fds <e^ r e^'\z{02,si^Wds. (4.26) 

Jt-1 ' J-1 ' J-oo 

Similarly, we have 

pT pT 

A„— At / „As|i / „\||2 T„ ^ „A„— At / „As 



,s)\\'ds <e\-^^ e^'\\g{-,s)\\'ds <e^e~''^ e^'\\g{-, s)\\'ds. (4.27) 

T—1 J T—1 J—OO 

Thus, Lemma O follows from (1125])- ([127]). □ 

We now derive uniform estimates on the tails of solutions for large space and time variables. Such 
estimates are essential for proving the asymptotic compactness of equations defined on unbounded 
domains. 

Lemma 4.4. Suppose and hold. Let t e R, oj e i), and D = {D{t,uj) : r G 

M,a; € rJ} € T>x. Then for every rj > 0, there exist T = T(t,u}, D,ri) > 1 and K = K(T,u},r]) > 1 
such that for all t >T, the solution v of equation ()4.10p with u replaced by 62 -t^ satisfies 

\v{t,T - t,02-TOJjVr-t){x)\^dx < T], 

\x\>K 

where Vr-t G -C)(r — t,92-t^)- 
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Proof. Let p be a smooth function defined on such that < p{s) < 1 for all s € M^, and 

, , f for < s < 1; 
= I 1 for s > 2. 

I i2 

Note that p' is bounded on M^. Multiplying (j4.10p by p{-^)v and then integrating the equation, 
we get 

I \2 f I |2 

= / f{x,u)pC-^)vdx+ / (g + z(e2,tw)A/i)p(^)^;dx. (4.28) 
We first estimate the term involving Av, for which we have 

1 3^ I ^ f' 1^1^ f' I 3j I ^ 

p{—Y)vAvdx = - / |Vt;p/9(— - / vp {—y)—t -Vvdx 

k ./mn K ./ran K fc 



< - /" • "^vdx < ^ / |Vf |dx < '^{\\vf + \\Vvf). (4.29) 

Jk<\x\<V2k K A<|z|<y2fc k 

Dealing with the nonlinear term as in (I4.17p . by (14. 3p and (14. 4p we can verify that 



f{x,u)p{—^)vdx < --ai \u\Pp{—^)dx+ ipip{—^)dx 
+ / Vi/o(^)dx + C2 / (|z(02,tu;)/i|P+iz(02,t^)/ip)p(^)(ix. (4.30) 

JR" JR" 

In addition, the last term on the right-hand side of (|4.28|) satisfies 
I / {g + z{e2,too)Ah)p(}^)vdx\<\\ [ p{}^)\v\''dx + \ f {g^ + \z{e2,ti^)Ah\^)p{^^)dx. 

JR" K I JiRn K A J^n ft 

(4.31) 

Thus, it follows from (OSll - dOn) that 



<^(||V^;f + ||^;f)+c3 / (|V;i| + |V'2p+5')p(^)dx 



+ C3 / (|z(02,ta;)A/i|2 + |z(02,ta;)/il2 + |z(02,t^)/i|P) p(^)dx. (4.32) 
Since ipi € L^(M"), given rjQ > 0, there exists Ki = Ki{riQ) > 1 such that for all k > Ki, 

C3 / |?/'i|p(^)(ix = C3 / \ipi\p{^)dx < C3 \ipiix)\dx < rjo. (4.33) 

JR" J\x\>k J\x\>k 
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Similarly, since tp2 e ^^(M'") and h £ H'^{R'') f]W'^'P{W), there exists K2 = i^2(??o) > Ki such 
that for all k > K2, 

C3 / (|V'2P + \z{e2,tuj)Ah\^ + \z{e2,tUj)h\^ + \z{e2,tu:)h\p) 

< r?o(l + \z{e2,tu^)\^ + \z{e2,tCo)r) < C4%(1 + \z{02,tuj)\n- (4.34) 
It follows from (|i:32]) - ([Oi|) that there exists K3 = K^irjo) > K2 such that for all > 

d f I I ^ f I I ^ 



< VoiW'^vf + \\vf) + C5Vo{l + \z{e2,tUj)\P) + C3 [ g\x,t)dx. 

J\x\>k 

Multiplying the above by e'^* and then integrating the inequality on (r — t, r) with t > 0, we get 
that for each u £ Q, 

/ P{^)\viT,T - t,UJ,Vr-t)\'^dx - e~^^ / p{—^)\Vr-tix)\'^dx 

< r/oe"-^^ j e^^\\v{s,T - t,u;,Vr-t)\\Hi(M.^)ds + 
+ 05770/ e^("-^)|z(02,sw)|fds + C3 / / e^^'-^)^^^^^^)^^,^^^ (435) 

Jr-t ' JT~tJ\x\>k 

Replacing u by in (|4.35p we find that, for r € M, t > 0, a; € 17 and k > K^, 

/ p{-j-2)\'v{'^i'^ -'t,^2-T(^,VT-t)?'dx - e~^^ j p{—^)\vr-t{x)\^dx 

+C5V0 r e^^'~^^\z{92,s~ri^)\Pds + C3 T / 6^^'-^^ g"^ {x , s)dxds 

Jr-t JT-tJ\x\>k 

< r/oe^^^y e^mv{s,T - t,92-T^^,Vr-t)\\Hi(Rn)ds + 
+ C5V0 f e^'\z{62,sUjWds + C3 [ [ e^'^''^^ g^{x, s)dxds. (4.36) 

J—oo J—ooJ\x\>k 

By (j4.15p we see that there exists K4 = K^^t, ijq) > K3 such that for all k > K4, 

C3 I I e^^'-^'^g^{x,s)dxds <r]o. (4.37) 

-00 J\x\>k 
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It follows from (|4.36p - (j4.37p and Lemma [4. II that there exists Ti = Ti(t,uj, D) > such that for all 
t >Ti and k > K4, 

1 2/ I ^ f \ X I ^ 

P{-T^)\v{T,T-t,e2-T(^,Vr-t)\'^dx-e'^*- / p{ — )\Vr-t{x)\^dx 

<C6r?o + C6% r e^^|z(e2,sU;)|Pds + C6r/o T e^^^"^) s)f ds. (4.38) 
J —00 J —00 

Since f,— t G D{t — t, 62 -t^) and D € we find that 

limsupe"^* / p(-^)|wr-t(x)p(ix < limsup e~'^*||L'(r - 6*2 _tt^) |P = 0, 

which along with (I4.38P implies that there exists T2 = T2{t,uj, D,riQ) > Ti such that for all t > T2 
and k > 

[ \v{t,T -t,e2-TU},Vr-t)\'^dx < I p{^-^)\v{t,T - t,92-TOJ,Vr-t)\^dx 

<C7r?o(l+ f e^'\z{92,sOj)Y'ds+ f e^^'-^^\\g{-,s)fd^. (4.39) 
Then Lemma 14.41 follows from ()4.39p by choosing r/o appropriately for a given r] > 0. □ 

We are now ready to derive uniform estimates on the solutions u of the stochastic equation ()4.ip 
based on those estimates of the solutions v of equation (j4.10p . By (|4.1ip we find that, for each 
r G M, t > and u e ^l, 

u{t, T -t, 6*2 _rW, Ur-t) = v{t, T -t, 6*2 -r^, Vr^t) + hz{uj), (4.40) 

where Vr-t = Ur-t — hz{62~t^)- Let D = {D{t,uj) : r G M, € $1} € Vx. We then define another 
family D of subsets of L^(]R") from D. Given r G M and cj G fi, set 

D{t,oj) = {(pe L'^iM.'') : \\ipf < 2\\D{t,u)\\^ + 2\z{u)\^\\hf}. (4.41) 

Let D be the family consisting of those sets given by ()4.4ip . i.e., 

D = {D{t, u) : D{t, u) is defined by (lOB .r G M, w G Q}. (4.42) 

Since \z{ijj)\ is tempered and D G Vx, it is easy to check that D given by (j4.42p also belongs to Vx- 
Furthermore, if Ur-t G D{t — t,02-t^^), then Vr-t = Ur-t — hz{62-t^) belongs to D{t — t,62-t^)- 
Based on the above analysis, the uniform estimates in ff^(M") of the solutions of equation (|4.ip 
follows immediately from (j4.40p . Lemma |4. 11 and Lemma 14.31 
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Lemma 4.5. Suppose ([0|) - (fO|) and ()4.14p hold. Then for every r G M, cj G O and D = {D{t, uj) : 
r G MjO; G $7} G Dx, there exists T = T{t,uj,D) > 1 such that for all t > T , the solution u of 
problem (|4.ip - (|4.2p satisfies 

\\u{T,T-t,B2,-rUJ,Ur^t)f <(3{l + z\uj))+Pe-^^ r e^' M- , s)\\^ ds + (3 f e^'\z{e2,sOj)fds, 

J —oo J—oo 

(4.43) 

where u-j—t G D{t — t,02-t^) and f3 is a positive constant depending on A, but independent of t, uj 
and D. 

Similarly, by (j4.40p and Lemma 14.41 we have the following uniform estimates on the tails of 
solutions of equation ()4.ip . 

Lemma 4.6. Suppose and (|nip hold. Let t e M, co e ^ and D = {D{t,uj) : r G 

M,a; G 0} G Pa- Then for every r] > 0, there exist T = T{t,u;, D,r]) > 1 and K = K(T,u},r]) > 1 
such that for all t >T, the solution u of problem (j4.ip - (j4.2p satisfies 

/ \u{t,T - t,92-TUJ,Ur-t){x)\'^dx < T], 

J\x\>K 

where Ur-t G D{t — t,92-t^). 

4.3 Existence of Attractors for Reaction-Diffusion Equations 

In this subsection, we establish the existence of a DA-pullback attractor for the cocycle ^ associated 
with the stochastic problem ()4.ip - (j4.2p . We first notice that, by Lemma 14.51 ^ has a closed T>x- 
pullback absorbing set K in L^(M"). More precisely, given r G M and uj G il, let K{t,uj) = {u G 
L^(R"') : < L(t, w)}, where L{t,uj) is the constant given by the right-hand side of (j4.43p . It 
is evident that, for each r G M, L{t,-) : ^ M is (J-", jB(M))-measurable. In addition, by simple 
calculations, one can verify that 

lim e^''\\K{T + r,e2r(^)f = lim e^^L(r + r, 02 rw) = 0. 

r— oo ' r— >~oo ' 

In other words, K = {K{t,uj) : r G G il} belongs to T>\. For every r G M, a; G SI and D G T>x, 
it follows from Lemma 14.51 that there exists T = T{t,uj,D) > 1 such that for all t>T, 

^{t,T- t, e2,-tuj, D{t - t, 02,-M} C K{t, uj). 

Thus we find that K = {K{t,uj) : t G M, w G SI} is a closed measurable PA-puHback absorbing set 
in Dx for <I>. We next show that <I> is PA-pullback asymptotically compact in L^(]R"'). 
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Lemma 4.7. Suppose (|4.3p - (|4.6p and (j4.14p /loW. T/ien <I> is Vx-pullback asymptotically compact 
in L^(R"), that is, for every r € M, w € $7, I? = {D{t,uj) : t e R,uj £ fl} G V\, and tn oo, 
Uo,n G D{t — tn,02,-t„i^), the scqucncc ^{tn,T — tn,62~tn^^,UQ^n) has a convergent subsequence in 

Proof. We need to show that for every 77 > 0, the sequence r — tn,02-t„^,uo,n) has a finite 
covermg of bahs of radii less than rj. Given K > 0, denote by Qk = {x £ M" : |x| < K} and 
= M" \ Qk- It follows from Lemma 14.61 that there exist K = K{T,Ljj,rj) > 1 and A'^i = 
Ni{t,u}, D,r]) > 1 such that for all n> Ni, 

||$(i„,r-i„,e2,-t„w,uo,n)||L2(Q^) < |. (4.44) 
By Lemma 14.51 there exists = ]^2{t,uj, D,rj) > Ni such that for all n > N2, 

\\<!>{tn,T -tn,d2-t„UJ,Uo^n)\\m{QK) ^ L{t,^), 

where L{t,uj) is the constant given by the right-hand side of (j4.43p . By the compactness of 
embedding H^{Qk) ^ L'^{Qk), the sequence $(tn, r — t„, 62 -t„^, uo,n) is precompact in L?'{Qk), 
and hence it has a finite covering in L^{Qk) of balls of radii less than ^. This and (j4.44p imply that 
^{tn, T — tn, ^2,-t„^) ^^o.n) has a finite covering in L^(M") of balls of radii less than rj, as desired. □ 

So far, we have proved the PA-puHback asymptotic compactness and the existence of a closed 
measurable PA-pullback absorbing set of <I>. Thus the existence of a PA-pullback attr actor of <I> 
follows from Proposition 13.11 immediately. 

Theorem 4.8. Suppose (j4.3p - (|4.6p and (j4.14p hold. Then the cocycle $ associated with problem 
(|4.ip - ()4.2p has a unique Vx-pullback attractor A € Pa in -/^^(M") whose structure is characterized 

by (IMD-dSSl). 

We now consider the case where the non- autonomous deterministic forcing (7 : M — > L^(M") is in 
L;^Q^(M, L^(M")) and is periodic with period T > 0. In this case, condition (|4.14p is fulfilled, and 
for every t > 0, r E M and cj G fi, we have from (|4.1ip that 

^{t,T + T, uj,-) = v{t + T + T,T + T, 92,-r-TUJ, ■ - hz{uj)) + hz{e2,tOj) 

= v{t + T, r, 6'2,-rW, • - hz{oj)) + hz{92,tOj) = ^{t, r, w, •). 

This shows that <^ is periodic with period T by Definition 12.21 Let D G Dx and Dt be the 
T-translation of D. Then by (|4.12p and ()4.13p we have, for every r G M and a; G 17, 

lim e^'\\D{r + 8,62 suj)f = 0- (4.45) 
s— >— 00 ' 
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In particular, for r = r + T with r E M, we get from (|4.45p that 

lim e^'\\DTiT + s,92,sUj)f = hm e^'\\D{T + T + s,92,sU})f = 0- (4.46) 

s— >— oo s— >— oo 

From (|4.46p we see that Dt G "Dx, and hence Vx is T-translation closed. By the same argument, we 
also see that Dx is — T-transIation closed. Thus, from Lemma 12.71 we find that "Dx is T-translation 
invariant. Applying Proposition l3.2l to problem (|4.1|) - (|4.2p . we get the periodicity of the I^A-pullback 
attractor of ^ as stated below. Note that the periodicity of the attractor can also be obtained by 
Theorem 12.251 

Theorem 4.9. Letg -.R^ ^^(M") be periodic with period T > and belong to ^^((o, T),L^{R"- j). 
Suppose (|4.3p - (|4.6p hold. Then the cocycle ^ associated with problem (j4.ip - (j4.2p has a unique 
periodic Dx-pullback attractor A € T>x in L^(IR"') whose structure is characterized by ()3.6p - (j3.8p . 

As discussed in Section [STTl the pullback attractors of problem (j4.ip - (j4.2p can also be investigated 
by constructing a cocycle over the set fig of all translations of the function g. Given t > 0, r G M, 
uj G 0, and uq G L^(R"'), let u{t,0, g'^ ,uj,uo) be the solution of equation ()4.ip with g being replaced 
by g'^ . Here, uq is the initial condition of u at t = 0. Suppose g : W ^ L^(R") is not a periodic 
function. Then define a map !> : M+ xilg xfixL2(M") L2(R") by ^(t, 5^, w, -uq) = u{t,0, g'' ,uj,uo) 
for all t > 0, r G M, w G and uq G L^(M"). One can check that 6 is a continuous cocycle in 
L2(R") over {^i.JteR) and ^, P, {02,t}teM), where {0i,t}teM is given by Actually, 
^{t,g'^,uj, •) = $(t,r, w, •) for all t > 0, r G R and u £ Q. Let Pa be the collection of all families 
D = {D{g'^,uj) : g'^ G Qg,uj G $7} such that for every g'^ G ilg and u £ Q, 

lim e^'\\Dig-^',92,sOj)f = 0. 

s— 00 

Then, by Proposition 13.31 we can show that $ has a unique I>A-pullback attractor A = {A{g'^,u}) : 
g^ G Q,g,uj £ fl} £ Vx- Actually, in this case, we have A{g'^ ,oj) = A{t,oj) for all r G R and w G 17, 
where A is the 2?A-pullback attractor of ^. 

If (7 is a periodic function with minimal period T > 0, then define T>x be the collection of all 
families D = {D{g'^,uj) : g'^ G J7j,a; G 17} such that for each g"^ G fij and a; G il, 

lim e^'\\D{ei,s9",e2,sUj)f = 0, 

s— 00 

where {0i,t}teR is given by ()3.10p . By Proposition 13. 4| one can prove that <I> has a unique Vx- 
pullback attractor A = {A{g'^,uj) : g'^ G J7j,a; G O,}. In this case, we also have A{g'^,uj) = A{t,uj) 
for all T G [0, T) and a; G J7, where ^ is the periodic ©A-pullback attractor of <I>. 
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